Explicit coverings of families of elliptic surfaces by squares of curves by Ingalls, Colin et al.
ar
X
iv
:2
00
9.
07
80
7v
1 
 [m
ath
.A
G]
  1
6 S
ep
 20
20
EXPLICIT COVERINGS OF FAMILIES OF ELLIPTIC SURFACES
BY SQUARES OF CURVES
COLIN INGALLS, ADAM LOGAN, AND OWEN PATASHNICK
Abstract. We show that, for each n > 0, there is a family of elliptic surfaces
which are covered by the square of a curve of genus 2n+ 1, and whose Hodge
structures have an action by Q(
√
−n). By considering the case n = 3, we
show that one particular family of K3 surfaces are covered by the square of
genus 7. Using this, we construct a correspondence between the square of
a curve of genus 7 and a general K3 surface in P4 with 15 ordinary double
points up to isogeny. This gives an explicit proof of the Kuga-Satake-Deligne
correspondence for these K3 surfaces and any K3 surfaces isogenous to them,
and further, a proof of the Hodge conjecture for the squares of these surfaces.
We conclude that the motives of these surfaces are Kimura-finite. Our analysis
gives a birational equivalence between a moduli space of curves with additional
data and the moduli space of these K3 surfaces with a specific elliptic fibration.
1. Statement of results
The work of Kuga and Satake [16] and Deligne [7] demonstrates that, if one
assumes the Hodge conjecture, every K3 surface over C is of abelian Hodge type, i.e.,
there exists an algebraic correspondence between any K3 surface and an associated
abelian variety. This would imply that the motive of any such K3 surface is abelian,
and hence that the variety, by an appropriate Torelli-type argument, is completely
determined by linear data associated to it.
More specifically (see, e.g., [26], section 10), given a polarized Hodge structure
V of weight 2 with dimV (2,0) = 1, there exists an abelian variety A, the Kuga-
Satake variety of V , such that V is a sub-Hodge structure of H2(A×A,Q). When
there is another variety X with V →֒ H2(X,Q), the Hodge conjecture on A2 ×X
predicts the existence of an algebraic cycle Z ⊂ A2 ×X , the Kuga-Satake-Deligne
correspondence, which realizes the morphism of Hodge structures
H2(A2,Q)→ V → H2(X,Q)
This morphism is particularly nice when X is a K3 surface, or more generally
when dimH(2,0)(X,Q) = 1. In this case, V can be identified with the orthogonal
complement of the Ne´ron-Severi group of X , i.e.
H2(X,Q) = V ⊕NS(X)Q
and Z induces an isomorphism of V ⊂ H2(A2,Q) with V ⊂ H2(X,Q).
In [23], Paranjape gives a method for computing an explicit cover, by the square
of a curve of genus 5, of K3 surfaces X of Picard rank 16 with an action of Q(
√−1)
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on their Hodge lattices, and shows that this product computes the abelian variety
predicted by Kuga and Satake. In turn this not only gives a constructive proof
of the Kuga-Satake-Deligne correspondence in this special case, as one can take Z
to be the square of the aforementioned curve of genus 5, but also a proof of the
Hodge conjecture for X×X ([25]). Note that to construct the curve and this cover
of his given K3, Paranjape is first forced to construct intermediate curves and the
surfaces their squares cover, so the construction is more delicate than it might at
first appear. The question of which other families of K3 surfaces his method can
be generalized to is left open.
In [10], Garbagnati and Sarti characterize Picard lattices of K3 surfaces in Pm
with 15 nodes. The simplest examples of such surfaces, namely, those K3s given by
a double cover of the plane branched along six lines, were already known classically
and correspond to the family studied by Paranjape above. The family of K3 surfaces
in P4 with 15 ordinary double points seems to have first appeared in their paper
[10].
In this paper we show that a variant of Paranjape’s method does generalize:
indeed, for each n, we show (Theorem 3.55) that there are families of elliptic surfaces
which are covered by the square of a curve of genus 2n+1. The properties of these
surfaces are listed in Definition 2.16. In particular, applying the work of Garbagnati
and Sarti, we show the following results:
(1) up to isogeny of K3 surfaces, there is an explicitly computable correspon-
dence between the square of a curve of genus 7 and a K3 surface Y in P4
with 15 ordinary double points (Proposition 6.2 and Proposition 6.3);
(2) the construction of the curve is unique in the sense of Theorem 1.5 below;
(3) that the construction does in fact produce the family of abelian varieties
predicted by Kuga and Satake as well as constructively compute the Kuga-
Satake-Deligne correspondence (Propositions 4.2 and 6.3); and, moreover,
(4) that it proves the Hodge conjecture for Y × Y and the square of any K3
surface isogenous to Y (Theorem 4.7, Corollary 6.11, and Theorem 6.4).
It would be interesting to use the methods of Schlickewei [25] to prove the Hodge
conjecture for A2 × Y ′ as well, where Y ′ is any K3 surface isogenous to Y .
Interestingly enough, our variant of Paranjape’s construction only yields an ex-
plicit covering of K3 surfaces by squares of curves in the cases n = 2, 3, 4, and 6;
numerical calculations prove that the case n = 5 does not produce a cover of K3
surfaces (Remark 3.44), and we suspect that the cases n = 2, 3, 4, and 6 are the
only n for which the elliptic surfaces so covered are K3 surfaces, and hence for which
we can constructively prove the Kuga-Satake-Deligne correspondence. Indeed, in
the cases n = 2, 4 we recover special cases of Paranjape’s construction (see Remark
3.42 and Remark 3.43), and we expect (Remark 3.44) that the case n = 6 recovers
a special case of our construction (Theorem 1.2 below).
We have focused on the special case of K3 surfaces in part because they are well
known surfaces. We are cognizant of the fact that there may be other surfaces that
have interesting geometric or arithmetic properties that come up in (generalizations
of) our construction. In particular, it would be interesting to see if the elliptic
surfaces we construct for arbitrary values of n encode any useful arithmetic data.
We now state our main results with some preliminary definitions. Throughout
the paper we work over a field k of characteristic not 2 or 3.
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Definition 1.1. Let L2 be the Picard lattice of a K3 surface with an elliptic
fibration with one D˜4 and nine A˜1 fibres and Mordell-Weil group Z ⊕ (Z/2Z)2,
such that there is a generator of the Mordell-Weil group modulo torsion that passes
through the zero component of the D˜4 fibre and the nonzero component of every
A˜1 fibre.
Theorem 1.2. A general K3 surface whose Picard lattice has a primitive sublattice
isomorphic to L2 is covered by the square of a curve of genus 7.
The same applies to any K3 surface isogenous to one of the above. In particular,
we will see in Section 6 that this implies the following:
Theorem 1.3. A general K3 surface in P4 with 15 ordinary double points is isoge-
nous to a K3 surface K which realizes the Kuga-Satake-Deligne correspondence
between K and the square of a curve of genus 7 constructed in Theorem 1.2.
Theorem 1.2 can also be expressed in terms of a map of moduli spaces as follows:
Definition 1.4. LetMC be the moduli space that parametrizes curves C1 of genus
1 with an unordered set of 4 distinct points {p1, . . . , p4}, together withO ∈ C1/C1[2]
such that 4O ∼ p1+p2+p3+p4 and an irreducible unramified cover of C1 of degree 3.
LetMK be the moduli space of marked L2-polarized K3 surfaces as in [12, Theorem
9], together with a choice of elliptic fibration with a reducible fibre of type D˜4 and
9 of type A˜1 and Mordell-Weil group Z⊕ (Z/2Z)2, such that a generator of infinite
order has intersection 1 with the zero section and 0 with the sections of order 2.
Theorem 1.5. Given a general point P of MC, there is an explicit construction
of a point f(P ) of MK, such that the data parametrizing f(P ) can be built from
the data parametrizing P , and vice versa. In particular, these constructions give a
modular birational equivalence f :MC →MK.
Theorem 1.5 follows directly from Remark 3.4 and Theorem 3.54, while Theorem
1.3 follows from Propositions 4.2 and 6.3.
Our work shows that generic members of our families of elliptic surfaces are
covered by the square of a curve. It follows that they, and generic members of any
family of K3 surfaces that are related (via isogenies and correspondences) to these
families of elliptic surfaces, also have Kimura-finite (and hence Schur-finite) motive.
(See [8], [14] or [20] for a definition of Kimura finiteness. See for example [18] for a
discussion of motives known to be Kimura-finite.) Since the Kimura-finiteness of a
motive is invariant under maps of K3 surfaces of finite degree, as in the proof of [18,
Theorem 3.1], this implies Kimura-finiteness and Schur-finiteness for a large class
of K3 surfaces. In this paper, we will refer to this property as motive-finiteness.
The plan for the paper is as follows. In Section 2 we define the various moduli
spaces of curves and elliptic surfaces, including K3 surfaces, that we will use in the
paper, and indicate some birational equivalences between them. In Section 3 we give
an alternative, and explicit, construction of the birational equivalence for n = 3;
namely, starting with a rational curve together with a cover of degree 3 and a point
of ramification of the cover, we construct a curve of genus 7 whose square covers
a K3 surface. In Section 4, we reinterpret the construction of Section 3 in terms
of Hodge theory (Proposition 4.4), and in particular show that in characteristic
zero we have constructed the Kuga-Satake variety for our K3 surfaces (Proposition
4.2). In Section 5 we explore the limits of our construction from Section 3. In
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particular, we show two results by explicit calculation. First, not every K3 of rank
16 whose Picard lattice has determinant −12t2 is coverable by the square of a curve
using our construction (Remark 5.7). Second, our construction, though it induces
a covering of some Picard rank 17 and 18 non-Kummer K3 surfaces not previously
known to be covered by squares of curves, does not determine coverings for all
Picard rank 17 and 18 K3s not isomorphic to Kummers. Finally, in Section 6, we
discuss Picard lattices of various families of K3 surfaces, and in particular relate
our construction from Section 3 to K3 surfaces of degree 6 with 15 singularities of
type A1 (Proposition 6.2, Proposition 6.3, and Theorem 6.4).
Acknowledgements: C. Ingalls was partially supported by an NSERC Discovery
Grant. A. Logan thanks the Tutte Institute for Mathematics and Computation for
its support of his external research. A. Logan and O. Patashnick thank the Institut
Henri Poincare´ and the organizers of the Reinventing Rational Points program for
their support and hospitality during their spring 2019 stay. We thank an anonymous
referee for a very helpful comment vis-a`-vis the Hodge conjecture.
2. The construction in terms of moduli spaces
In this section we introduce some moduli spaces of curves and of elliptic sur-
faces, including K3 surfaces, with additional structure and indicate some birational
equivalences among them. Our main goal is to pave the way for the construction
in Section 3, in which we will show how to use a small amount of starting data
on a rational curve, namely a cover of degree 3 and a point of ramification of the
cover, to construct a curve of genus 7 whose square covers a K3 surface. This will
give an alternative birational equivalence between two of our moduli spaces, and
will show that the K3 surfaces in question have Kimura-finite motive and that the
Kuga-Satake-Deligne correspondence in this case is realized by a correspondence
between the surface and the square of an abelian variety. We begin by defining the
moduli spaces of K3 surfaces that are of interest.
Definition 2.1. Let MK,1 be the moduli space of K3 surfaces together with an
elliptic fibration with a reducible fibre of type D˜4 and nine of type A˜1, full level-2
structure, and a section of infinite order that passes through the zero component
of the D˜4 fibre and the nonzero components of all A˜1 fibres while meeting the 0
section once. Let M′K,1 be the 6-to-1 cover of MK,1 that parametrizes the same
data but with an additional choice of labelling of the sections of order 2.
Remark 2.2. Given a surface corresponding to a point ofMK,1, we have a natural
partition of the A˜1 fibres into three sets of 3 given by the intersections with the
2-torsion sections. Indeed, the group structure on an A˜1 fibre makes it clear that
exactly one point of order 2 is on the zero component. Now let us consider a 2-
isogeny in which we take the quotient by the group generated by a 2-torsion section.
The D˜4 fibres go to D˜4 fibres, and the A˜1 fibres go to A˜3 fibres if the section passes
through the zero component and singular irreducible fibres otherwise. The quotient
is a K3 surface, so its Euler characteristic is 24. It follows that each 2-torsion
section passes through the zero component of exactly three A˜1 fibres. For M′K,1
this becomes an ordered partition.
We use the standard notationMg,n for the usual compactification of the moduli
space of stable curves of genus g with n marked points. We now introduce a
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subvariety of M0,10 whose quotients by finite groups we will relate to MK,1 and
M′K,1, as well as a moduli space of covers of curves of genus 0 that will be connected
to M′K,1.
Convention 2.3. We view M0,4 not as an abstract P1 but rather as a P1 with
three marked points b1, b2, b3, namely the boundary divisors; as a result AutM0,4
is trivial. Thus when we speak of a moduli space of covers ofM0,4, we do not take
the quotient by automorphisms of the target, but only of the source. In addition,
there is a natural map of degree 6 from M0,4 to the j-line, which is a Galois cover
of curves with Galois group S3. The support of the fibre of this cover above ∞ in
the j-line is the set of boundary points of M0,4; in particular these are points of
ramification of the cover.
Definition 2.4. Let U ⊂ M0,10 be the subvariety of M0,10 parametrizing stable
curves C0 of genus 0 with marked points p1 and qij for 1 ≤ i, j ≤ 3 such that there
is a 3-to-1 cover φ : C0 → M0,4 for which the qij constitute the fibre above the
boundary points bi, while (p1, q, q) is a scheme-theoretic fibre for some q ∈ C0. Note
that S3 ≀ S3 acts on U by permuting the qij . Let V = U/S3 ≀ S3 and let V ′ = U/S33 .
Fix a positive integer d. LetMd be the moduli space parametrizing d-to-1 covers
φ : C0 →M0,4 together with a point p ∈M0,4.
Remark 2.5. The dimensions ofMK,1 andM′K,1 are 4, because these parametrize
K3 surfaces of Picard number 16 together with a finite amount of additional data.
Likewise, U has dimension 4, because a point of U is specified by a 3-to-1 cover of
M0,4, which is determined by two cubic polynomials up to scaling and the action
of PGL2 = AutC0, together with a finite amount of additional data. The same
follows for V, V ′. In general we have dimMd = 2d− 1.
First we will describe a relation between points of M0,4 and certain rational
elliptic surfaces. By taking covers, we will relate this to Md. We start by recalling
the standard description of M0,5 [4, Exercise 1.3.10, Lemma 2.1].
Definition 2.6. We identifyM0,5 with P2 blown up in four general points p0, . . . , p3.
To do so, let Ei be the exceptional divisor above pi and Eij the strict transform of
the line joining pi, pj. Then the Ei, Eij are the ten −1-curves on M0,5. Further,
projection away from p0 gives a map to P
1 whose general fibre is a smooth rational
curve and that has three singular reducible fibres Ei ∪ E0i with 1 ≤ i ≤ 3. There
are four sections E0, E12, E13, E23, and this family is isomorphic to the universal
curve over M0,4.
Construction 2.7. Fix p ∈M0,4, and let F be the corresponding fibre. Consider
the double cover Ep of M0,5 branched along F and the four sections. (It is easy to
see that the sum of the classes of these curves is divisible by 2 in Pic(M0,5); since
Pic(M0,5) is torsion-free and we are working over an algebraically closed field, the
double cover is unique up to isomorphism and quadratic twist. The properties that
we will discuss do not depend on the choice of twist.) This is an elliptic surface,
because the general fibre is a double cover of P1 branched at 4 points. The surface
E has fibres of type A˜1 above the three reducible fibres of M0,5 →M0,4 and a D˜4
above F . Also the four sections of M0,5 →M0,4 pull back to sections; taking E0
as the zero section, the other three are the 2-torsion sections.
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Proposition 2.8. The association p → Ep gives a birational equivalence between
M0,4 and the moduli space of rational surfaces with an elliptic fibration with a D˜4
and three labelled A˜1 fibres.
Proof. First note that there is an obvious one-sided inverse to the map just con-
structed, namely the map that takes a fibration to the point p such that p, b1, b2, b3
are the locations of the D˜4 and A˜1 fibres. Given such an elliptic surface E , we
obtain a map P1 →M0,4 from the family of curves E/ ± 1 → P1, where P1 is the
base of the fibration. This map determines the j-invariant of the fibration. It is
clear that the inverse image of the bi have degree 1, so this map is an isomorphism
and is therefore uniquely determined (recall Convention 2.3 on automorphisms of
M0,4). Thus all such surfaces are twists of a fixed one; in particular, given one such
surface with a D˜4 fibre above p0, we obtain all of them by twisting by a function
with divisor (p0)− (p). Clearly these are parametrized by points of M0,4. 
Proposition 2.9. The Mordell-Weil group of Ep is Z ⊕ (Z/2Z)2, and the com-
ponents of the pullback of the conic through P0, . . . , P3 tangent to F at P0 are a
generator modulo torsion and its inverse. These curves pass through the zero com-
ponent of the D˜4 fibre and the nonzero components of the A˜1.
Proof. By the Shioda-Tate formula the rank is 1. We know that the torsion sub-
group contains (Z/2Z)2; by [5, Proposition 2.1], it is no larger. Thus the canonical
height of a generator is 42/(4 ·23) = 1/2. Let C be the conic in the statement: then
the intersection of C with the ramification locus of Ep →M0,5 is twice a divisor, so
C pulls back to the union of two curves. The sum of these meets a fibre twice, so
each one must be a section. Taking the curve above E0 as the origin, we see that
the two sections intersect every good fibre in a point and its negative; it follows that
they are inverses of each other. It is clear that these sections meet the zero com-
ponent of the D˜4 (coming from the intersection of F with the exceptional divisor
above P0) and the nonidentity components of the A˜1 (the Eij with 1 ≤ i < j ≤ 3).
In addition, they meet the zero section once. It now follows easily from the results
of [6] that they have height 1/2. 
Given a point of Md, we thus obtain an elliptic surface Ep ×M0,4 C0, which
generically has 3d fibres of type A˜1 and d of type D˜4. In particular, for d = 2 these
are special double covers of P2 branched along six lines, which are K3 surfaces.
Definition 2.10. Let M′3 ⊂ M3 be the subvariety of pairs where p lies under a
ramification point of φ, and let N ′4 ⊂ M4 be the subvariety of pairs where p lies
under a ramification point of type (2, 2). (Later we will define M′n in general; our
definition will coincide with M′3 for n = 3 but not with N ′4 for n = 4.)
Proposition 2.11. The elliptic surface corresponding to a point of M′3 or N ′4 is
a K3 surface.
Proof. The ramification means that one or two pairs of D˜4 fibres coalesce and
therefore become a smooth fibre, so we have one D˜4 and nine A˜1 fibres, resp. 12
A˜1 fibres, in the two cases. The result follows from [21, Lemma III.4.6 (a)]. 
Remark 2.12. Our primary concern in this paper is with the case n = 3. Never-
theless we mention that in the case n = 4 we may obtain rank 2, and thus Picard
number 16, by requiring an additional ramification point of type (2, 2). It turns out
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that these surfaces are 2-isogenous to double covers of P2 branched along six lines.
In the cases n > 4 we cannot obtain a K3 surface from this construction, but we do
obtain some interesting elliptic surfaces. These will be described in Definition 2.16
and a basic property given in Proposition 2.18. Unfortunately they do not appear
to admit correspondences to K3 surfaces.
Note in particular that we have a partition of the A˜1 fibres into three sets of 3
according to the fibres of Ep above which they lie. Thus we have constructed a map
κ :M′3 →M′K,1:
Definition 2.13. Let κ be the map M′3 → M′K,1 that takes a pair (φ, p) to
Ep ×M0,4 C0, where the order on 2-torsion sections is that of Ep.
In addition, there is an obvious map ν : M′K,1 → V ′ given by mapping to the
locations of the singular fibres:
Definition 2.14. Suppose we are given the data of a point of M′K,1. We obtain
a point of V ′ as (p, {qij}), where p lies under the D˜4 fibre and the qij lie under
the A˜1 fibres, in such a way that the torsion section Ti passes through the zero
components of the fibres above the qij .
It is not difficult to see that M′3 and V ′ are birationally equivalent. Indeed,
define ρ : M′3 → V ′ to send a point (φ, p) to the third point above p and the
fibres above b1, b2, b3; this is a birational equivalence because a map P
1 → P1 is
determined up to scaling on the target by its fibres at 0,∞, while the scaling is
fixed by the fibre at 1. Also, it is clear from the construction that ν ◦ κ = ρ.
Proposition 2.15. The map ν is a birational equivalence. Hence κ is also.
Proof. Since the dimensions are equal, it suffices to show that the degree of ν is 1
(the only thing that could go wrong is that there is an additional component of
M′K,1 not in the image of κ). This will be done by an argument much like that
of Proposition 2.8. Indeed, given a K3 surface parametrized by a point of MK,1,
we obtain a family of 4-pointed stable curves of genus 0 by taking the quotient by
the negation. The map to M0,4 is of degree 3, because there are 3 of each type of
reducible fibre, and such a map is determined by the fibres at 0, 1,∞. In addition,
the location of the single D˜4 fibre is determined once we choose the image of a
ramification point in M0,4. Hence the j-invariant of the fibration and the location
of fibres with starred Kodaira type are determined by the image in V ; but this is
enough to recover the fibration. 
In most cases this construction does not give K3 surfaces, but with larger n and
more general ramification type we still obtain specific families of elliptic surfaces
satisfying conditions given in Definition 2.16 below. To do so, we fix n > 2 and
let R be a subset of the ramification data for a map of degree n of rational curves.
In other words, R is a sequence (ri)
k
i=1 of partitions of n =
∑mi
j=1 aij such that∑
i
∑
j aij − 1 ≤ 2n − 2, corresponding to maps of rational curves with fibres
F1, . . . , Fk such that the multiplicities of the points in Fi are given by (ri). Let t
be the sum of the number of parts of the ri.
Definition 2.16. Let M′n,R be the moduli space of pairs consisting of a map
of degree n from C0 to M0,4 and k points p1, . . . , pk ∈ M0,4 where the ramifi-
cation above pi is as specified by the partition ri. Let V
′
n,R be the quotient of
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the subset U ⊂ M0,t+3n/S × S3n that parametrizes collections of t + 3n points
p11, . . . , p1m1 , . . . , pk1, . . . , pkmk , q11, . . . , q1n, q21, . . . , q2n, q31, . . . , q3n on a rational
curve C0 and maps φ of degree n from C0 to M0,4 and points p ∈ M0,4 for which
φ−1 of the divisor (pi) is
∑mi
j=1 aij(pij), and such that the {qij : 1 ≤ j ≤ n} are the
fibres of φ above the boundary points ofM0,4. Here S is the subgroup of
∏k
i=1 Smi
that preserves the partitions, while S3n acts on the second subscripts of the qij .
Let M′E,n,R be the coarse moduli space of elliptic surfaces S → C0 with full
level-2 structure and a labelling (t1, t2, t3) of the sections of order 2, together with
a collection of t+ 3n points as above, such that:
• the pair (C0, p11, . . . , pkmk , q11, . . . , q3n) corresponds to a point of U as in
the last paragraph;
• the surface has D˜4 fibres above the points p1j for the j such that r1j is odd
and has A˜1 fibres above the qij ;
• for all i, the j-invariant of the fibre above pij does not depend on j;
• for 1 ≤ i ≤ 3, the torsion section ti passes through the zero component of
the fibres above the qij and the nonzero component of the other A˜1 fibres;
• there is a section s of infinite order that passes through the zero component
of all D˜4 fibres and the nonzero component of all A˜1 fibres.
Remark 2.17. Let m be the number of odd parts of the partition r1. Then the
general point ofM′E,n,R describes an elliptic surface of Euler characteristic 6(m+n)
and hence h2,0 = (m+ n− 2)/2 by [21, (III.4.2), (III.4.3)]. So, as in Remark 2.12,
we do not obtain K3 surfaces for n > 4.
Proposition 2.18. The moduli spaces M′n,R,M′E,n,R, V ′n,R are birationally equiv-
alent.
Proof. (sketch) To map M′n,R to M′E,n,R, we start by taking the double cover of
M0,5 branched along the four sections of the mapM0,5 →M0,4 and the fibre above
p, obtaining an elliptic surface Ep with a section. Then Ep ×M0,4 C0 represents a
point of M′E,n,R, where C0 → M0,4 is the map in the definition of M′n,R. The
2-torsion sections come from the sections of M0,5 → M0,4, while the section of
infinite order and its negative are the inverse image of the conic through the four
points tangent to F as in Proposition 2.9. To mapM′E,n,R to V ′n,R, forget everything
except the locations of the p, q and the way the A˜1 fibres are partitioned by the
2-torsion sections of E . To map V ′n,R toM′n,R, let φ, p be the given map and point.
One checks that the composition of these three maps in order, starting from any of
the three moduli spaces, is the identity. 
We now return to a moduli space related to MK,1. Recall that MK,1 is the
moduli space of K3 surfaces S with an elliptic fibration π1 : S → P1 having a D˜4
fibre and nine A˜1 fibres, three sections of order 2, and a section of infinite order
passing through the zero component of the D˜4 fibre and the nonzero component
of every A˜1 fibre. For every A˜1 fibre, there is one section of order 2 that passes
through its zero component, and each such section meets the zero component of
three such fibres. Further,M′K,1 is the cover ofMK,1 in which the sections of order
2 are labelled.
Definition 2.19. Let MK,2 be the moduli space of K3 surfaces with a specified
elliptic fibration with three D˜4 fibres and one A˜2 fibre (and generically trivial
SQUARE-CURVE COVERINGS OF ELLIPTIC SURFACES 9
Mordell-Weil group). Let M′K,2 be the cover of MK,2 that also keeps track of
a labelling of the D˜4 fibres. We will denote a point of M′K,2 by (S, φ, F1, F2, F3)
where φ is the fibration and the Fi are the D˜4 fibres in order. Like MK,1, these
moduli spaces have dimension 4.
Proposition 2.20. There is an S3-equivariant birational equivalence betweenM′K,1
and M′K,2.
Proof. First let (S, π, T1, T2, T3, G) be the data of a point of M′K,1, where the Ti
are the labelled torsion sections and G is the generator of infinite order. Let Di
be the set of curves on S consisting of Ti, the zero components of A˜1 fibres of π
that Ti meets, and the component of the D˜4 that Ti meets. Since the D˜4 and A˜1
are distinct fibres of π, the curves in them are disjoint, and so there is a D˜4 fibre
supported on Di whose nonreduced component is Ti.
We now find an A˜2 fibre. Indeed, consider the zero component of the D˜4 fibre of
π together with the curves G,−G. One computes from the given description of G
and the formulas of [6] that (G,−G) = −1 and G · −G = 2, It is easily computed
that the Picard classes of the three D˜4 fibres and the A˜2 fibre just mentioned are
equal. It is easily checked that these four fibres are linearly equivalent, so there is
a genus-1 fibration that has these as its bad fibres. The bad fibres meet the central
component of the D˜4 fibre of π in a single point, so it is an elliptic fibration. This
gives a map M′K,1 99KM′K,2.
Conversely, suppose given (S, φ, F1, F2, F3), a point of M′K,2. To find its image
in M′K,1, first consider the zero section and the zero components of the reducible
fibres of φ: these constitute a D˜4 fibre D. This gives an elliptic fibration π, since
there are sections such as the nonzero components of the A˜2 fibre. For a general
point of M′K,2, the surface S has Picard lattice U +D34 + A2, and one computes
that the orthogonal complement of the lattice spanned by D and a section has root
sublattice D4 + A
9
1 and that this root lattice is embedded in its saturation with
quotient (Z/2Z)2.
The nonzero components of the D˜4 fibres of φ are disjoint from D, so they are
vertical for π. Since any two of them are disjoint and no reducible fibre of π other
than the D˜4 contains two disjoint curves, they must be components of the nine
different A˜1 fibres of π. Further, the nonreduced components of the D˜4 fibres of
φ meet D once, so they are sections, and it is easily computed that the difference
of any two is of order 2. The labeling of these is given by the labeling of the D˜4
fibres of φ. Finally, the section of infinite order and its inverse are given by the two
nonzero components of the A˜2 fibre. This is not really a choice, because there is an
automorphism of (S, π, T1, T2, T3, G) that takes G to −G and preserves π and the
Ti. Thus we have constructed a map M′K,2 99KM′K,1, and it is clear that this is a
birational inverse to the map M′K,1 99KM′K,2 constructed above. 
We illustrate the construction in figures. In Figure 1, we have drawn curves in
an elliptic fibration φ : S → P1. The 0-section 0φ is the black horizontal curve, and
we have also indicated the 0-section of the fibration π : S → P1 as 0π. We have
indicated the three D˜4 fibres of π with their central components T1, T2, T3 in green,
blue and red respectively. The A˜2 fibre G has been drawn in orange. In addition,
the non-identity components of the 9 A˜1 fibres have been drawn in black.
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Figure 1. Elliptic fibration in M′K,1
0φ
G
−G
0π
T1
T2
T3
9 A˜1 fibres
↓ φ
In Figure 2, we have drawn curves in an elliptic fibration π : S → P1. We have
indicated the three D˜4 fibres F1, F2, F3 with their central components T1, T2, T3 in
green, blue and red respectively. The A˜2 fibre G has been drawn in orange. The
0-section, 0π, is the black horizontal curve. Note that the sets of curves of the
same colour in each figure are equal; this reflects the bijection between the types of
elliptic fibration on S illustrated in the two figures.
Proposition 2.21. Let π1 be the fibration associated to a point of M′K,1, let σ0 be
its zero section, and let π2 be the fibration constructed in the proof of Proposition
2.20. Then the intersection of σ0 with a fibre of π2 is 3, and π2 restricted to σ0 is
ramified at the intersection of σ0 with the A˜2 fibre of π2.
Proof. The first statement is a routine calculation in light of the description of
the reducible fibres of π2. As for the second, two of the components of the A˜2
fibre are a generating section of π1 and its inverse. These meet the zero section
at the same point: on the fibre of π1 where the generating section meets the zero
section, translation by the generating section acts as the identity, and applying its
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Figure 2. Elliptic fibration in M′K,2
0π
T1
F1
T2
F2
T3
F3
G
−G
↓ π
inverse to the zero section gives the intersection with the negative of the generating
section. 
The following conjecture is well supported by computational experiments.
Conjecture 2.22. The degree-3 map from σ0 to the base of π2 coincides with the
map φ in the corresponding point of M′3.
3. The construction in terms of curves
In this section we will give an entirely different construction of a map M′3 →
M′K,1, based on the ideas of Paranjape [23, Section 3]. We begin by using a point
p0 ∈ M′3 to construct an elliptic curve together with some auxiliary data similar
but not identical to that used in [23, Section 3]. We will then use this to construct
another curve C3 such that Sp0 is a quotient of C3×C3, where Sp0 is the K3 surface
associated to the point ofM′K,1 which is the image of p0 by the construction of the
last section.
Although the construction of a K3 surface quotient of the square of a curve is
special to n = 2, 3, most of the geometry can be studied without this assumption.
Accordingly we will work with general n for as long as possible and specialize to
n = 3 only at the end. With n = 2 our construction is less interesting from this
point of view, because the K3 surfaces that we obtain are isogenous to Kummer
surfaces. Hence motive-finiteness and the strong form of the Kuga-Satake construc-
tion are already known for them. In the case n = 4 our construction also gives a
correspondence to a certain moduli space of K3 surfaces; however, we do not ob-
tain results on the Kuga-Satake conjecture or motive-finiteness, because we do not
realize these surfaces as quotients. These K3 surfaces are isogenous to K3 surfaces
of the type introduced at the beginning of [23, Section 1] and shown to be quotients
of the square of a curve at the end of [23, Section 3].
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In this section we are concerned with moduli spaces and so for ease of exposition
we will assume that the ground field k is algebraically closed when constructing any
map of moduli spaces. The reason for this is that in order to find the image of a
point corresponding to a K3 surface defined over k, we may need to make a choice
of one of a set of data, where the set is defined over k but the individual elements
are not. It will turn out that the image represents a point in the moduli space
defined over k, so that the map of moduli spaces takes k-points to k-points for all
k and is therefore defined over the prime subfield of k. Further, we will see that
our map is a birational equivalence over an algebraically closed field; this property
descends to k.
3.1. Moduli spaces related to curves of genus 0 and 1. We start by defining
a moduli space M′n that generalizes the construction of M′3 in Definition 2.10.
Our definition will capture the ramification properties of the quotient of a cyclic
n-isogeny of elliptic curves by ±1. That is to say, a cyclic n-isogeny En → E of
elliptic curves descends to a map of quotients En/ ± 1 → E/ ± 1, which gives a
point of M′n.
Definition 3.1. Fix an integer n > 2. Let M′n be the moduli space parametrizing
degree-n covers φn : C0 →M0,4 such that there are 4 points where the ramification
is of type (2, . . . , 2, 1) if n is odd, or 2 each where it is of type (2, . . . , 2) and
(2, . . . , 2, 1, 1) if n is even, together with a point q0 ∈ C0 in a fibre with ⌊n+22 ⌋
distinct points.
For n = 2 we make a slightly different definition. Namely, we fix a degree-2 cover
C0 →M0,4, where C0 is a rational curve, and two additional points of M0,4, and
single out a point of C0 above one of these.
Remark 3.2. Note that in every case we have dimM′n = 4: the dimension of
the space of degree-n covers is 2n − 2, while the ramification imposes 4(n − 3)/2
conditions for odd n or 2(n − 2)/2 + 2(n − 4)/2 for even n > 2, and the choice of
q0 is from a finite set. For n = 2 this is clear. We also point out that the genus of
C0 is 0 for n > 2, not only for n = 2: this follows from Riemann-Hurwitz.
Definition 3.3. Let E be the double cover of M0,4 branched at the ramification
points of φn (if n = 2, the ramification points and the two additional points) and
define En to be the normalization of E ×M0,4 C0. Choose the origin O on E to be
the point of E lying above φn(q0) ∈M0,4 (if n = 2, the point that was specified in
defining the cover).
Remark 3.4. It is clear that M′n is birational to the moduli space whose points
correspond to a cyclic n-isogeny En → E, an unordered set of 4 points of E, and
a double cover branched at those 4 points. In particular, taking n = 3, we have
shown that M′3 is birationally equivalent to MC (Definition 1.4).
Our first task is to define an auxiliary double coverD3 → E branched at 4 points
and hence of genus 3. Let ±Bi be the points of E lying above the boundary points
bi ∈M0,4.
Proposition 3.5. Up to translation and negation, there is a unique set {p0, . . . , p3}
of 4 points on E such that {pi − pj : 0 ≤ i 6= j ≤ 3} = {±Bi ±Bj : 1 ≤ i < j ≤ 3},
counted with multiplicity.
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Proof. For existence, let p0 = O and pi = B1 + B2 + B3 − Bi for 1 ≤ i ≤ 3.
For uniqueness, we may again let p0 = O, since translations are permitted. We
then have pi = ±Bji ± Bki for suitable choices; it is not possible to have a plus
and a minus sign in each point, so, negating and reordering if necessary, we take
p1 = B2 + B3. Then, since p2, p1 − p2 ∈ {±Bi ± Bj}, we must have p2 ∈ {B1 +
B2,−B1+B2, B1+B3,−B1+B3}; by symmetry we take p2 ∈ {B1+B3,−B1+B3}.
It is easily seen that the two choices force p3 = B1 + B2 or p3 = −B1 + B2. The
second case is in fact the same as the first: translating by B2 + B3 and changing
the sign gives the same four points. 
Definition 3.6. Let f be a function on E with divisor (p0) + (p1) + (p2) + (p3)−
2(O)−2(B1+B2+B3), and letD3 be the smooth curve with function field k(E)(
√
f)
(where k is the ground field and k(E) is the function field of E as usual). Let the
Pi be the unique points of D3 lying above the pi.
Remark 3.7. Note that the choice of O determines the double cover of E ramified
above p1, . . . , p4. Indeed, replacing O by O+T , where T is a 2-torsion point, would
add 2(O + T ) − 2(O) to the divisor of f . This is a principal divisor and twice a
divisor but not twice a principal divisor, so it gives a different double cover.
Since we cannot distinguish Bi from −Bi, we must explain why our construction
does not depend on the choice. Indeed, let us replace B1 by −B1, so that the points
become p′0 = O, p
′
1 = B2 + B3, p
′
2 = −B1 + B3, p′3 = −B1 + B2 and the divisor of
the function is (p′0) + (p
′
1) + (p
′
2) + (p
′
3) − 2(O) − 2(−B1 + B2 + B3). Translating
by −B2 − B3 and changing the sign, we restore the previous points and obtain a
function f ′ with divisor (p0) + (p1) + (p2) + (p3) − 2(B1) − 2(B2 + B3), which is
equal to the previous f up to a square. Thus D3 is unaltered.
For D3 to be unique up to isomorphism we must assume that k has no non-
trivial quadratic extensions. But even without this assumption the point of M3
corresponding to D3 is well-defined.
3.2. A curve of genus 2n+ 1 whose square covers an elliptic surface. We
now define the curve whose square will cover an elliptic surface over the elliptic
curve En. We will then show that this surface has a quotient which is an elliptic
surface W over P1; in the case n = 3, this will be a K3 surface. Following this, we
compare our construction to Paranjape’s.
Definition 3.8. Let Cn = D3 ×E En. This is a curve of genus 2n + 1 with an
action of Z/nZ⊕Z/2Z. Let ι be the involution of D3 induced by the double cover,
let β be its lift to Cn (the quotient being En), and let γ be a generator of the group
of automorphisms of Cn over D3. Let Gn = 〈γ, β〉, so that Gn ∼= Z/nZ⊕ Z/2Z.
We summarize our definitions in Figure 3.
Remark 3.9. Paranjape fixes p0, . . . , p3 ∈ E (in his notation, p1, . . . , p4) and
considers a double cover of En (in fact he only works with n = 2) branched along
the pullback of
∑4
i=1(pi) from E to En. Thus in his construction the Galois group
is Z/2nZ rather than Z/nZ⊕ Z/2Z. The Prym variety of the cover Cn → E is an
abelian variety of dimension 2n with an automorphism of order 2n, and we may
view an appropriate component of its Hodge structure as a module of rank 2 over
Z[ζ2n]. In our construction the relevant module associated to a summand of the
Hodge structure of the Prym variety of Cn → E is over Z[ζn] instead, although this
is a distinction without a difference for odd n.
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Cn
D3 = Cn/〈γ〉 En = Cn/〈β〉
E = Cn/Gn C0 = En/〈±〉
M0,4 = E/〈±〉
n 2
2
ψ
n
2
2
n
Figure 3. Quotients of Cn
Lemma 3.10. Suppose that D3 is not hyperelliptic, and consider it with its canon-
ical embedding in P2. Let Pi be the point above pi in D3, and let Ti,1, Ti,2 be
the residual intersection of the tangent line to D3 at Pi. Then ι(Ti,1) = Ti,2 and
pi + ψ(Ti,1) ∼ 2O on E. In other words, if O is chosen as the origin of E, then
ψ(Ti,1) = −pi.
Proof. Since Pi is ι-invariant, the same is true of the tangent line and of its inter-
section with D3, so the first claim follows. For the second one, note that the divisor
(pi) + (−pi) + 2O is principal on E. Let Si,1, Si,2 be the points above −pi in D3:
then 2(Pi) + (Si,1)+ (Si,2)− 2(O1)− 2(O2) is the pullback of this principal divisor,
so it is principal on D3. In addition, (P0) + (P1) + (P2) + (P3) − 2(O1) − 2(O2)
is principal, since it is the divisor on D3 of the element
√
f ∈ k(D3) as defined in
Definition 3.6.
By the Riemann-Hurwitz formula, the divisor (P0) + (P1) + (P2) + (P3) is in
the canonical class; the same follows for the linearly equivalent divisor 2(Pi) +
(Si,1) + (Si,2). But 2(Pi) + (Ti,1) + (Ti,2) is also in the canonical class, being a
hyperplane section of a canonically embedded curve, and D3 is not hyperelliptic,
so these divisors must be equal. 
No power of γ not equal to the identity has fixed points. The quotient of Cn by
β has genus 1, so β has 4n fixed points. To determine the number of fixed points
of βγi, consider the group generated by β, γi: the quotient is of genus 1 and β has
4n fixed points. So by Riemann-Hurwitz no other nonidentity element of Gn has
any fixed points.
We now introduce the surface Cn×Cn. It admits an action of the group Gn ≀ S2
in which Gn acts on each copy of Cn and S2 interchanges the factors.
Definition 3.11. Following [23, Section 3], let G be the subgroup of Gn ≀ S2 gener-
ated by (γ−1, γ), (β, β), and the nonidentity element of S2. Denote the generators
by g, b, σ respectively. Let W be the surface (Cn × Cn)/G, and let ω be the map
Cn×Cn →W . Let W˜ be the minimal desingularization of W (we will describe the
singularities of W in Proposition 3.12). For a surface of the form C × C, where C
is a curve, we use σ for the involution (x, y) → (y, x). We record some subgroups
of Gn ≀ S2 whose quotients define surfaces of interest. In particular, as in Figure 4
we define V := Cn × Cn/〈(γ, 1), (β, β), σ)〉 and S := Cn × Cn/〈(γ, γ−1), (β, 1), σ)〉.
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〈e〉 〈(β, 1), (1, β)〉
〈(γ, 1), (1, γ)〉 Gn ×Gn
G = 〈(γ, γ−1), (β, β), σ)〉 〈(γ, γ−1), (β, 1), σ)〉
〈(γ, 1), (β, β), σ)〉 Gn ≀ S2
n2
4
4n n2
2n
4
4
2
n
2
n
2
Cn × Cn En × En
D3 ×D3 E × E
W S
V Sym2E
En En
E E
n2
4
ω
4n
n2
2n
4
4
2
n
2
n
2
n
n
Figure 4. Relations of groups and varieties
Proposition 3.12. The surface W is an elliptic surface over En with full level-2
structure. It has 6n ordinary double points; resolving these creates 6n fibres of type
A˜1, and these are the only singular fibres of W˜ .
Proof. We first claim that
W = V ×Sym2E S = V ×Sym2E Sym2E ×E En = V ×E En.
The first equality follows from the fact thatW,V, Sym2E, S are all quotients of Cn×
Cn for which the corresponding diagram of groups is a pushout. (This is illustrated
in Figure 4.) The second results from the fact that En → E are unramified, so that
the fibres of W → En are fibres V → E. The third is immediate.
Since π : V → Sym2E has degree 2 and Sym2E → E is a ruled surface, we
see that the generic fibre of V → E is a double cover of a smooth rational curve,
so we need to compute the ramification locus of π : V → Sym2E. Because V =
Cn × Cn/〈(γ, 1), (β, β), σ〉 and Sym2E = Cn × Cn/〈(γ, 1), (β, 1), σ〉, the map π :
V → Sym2E is given by the quotient by (β, 1) and so π is branched along the
curves {pi, E} ⊂ Sym2E for i = 0, . . . , 3. The curves {pi, E} are sections of the
addition map Sym2E → E. Since the general fibre of V → E is a double cover
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of the fibre of Sym2E → E branched at 4 points, and the fibre of Sym2E → E
is a rational curve, we see that the general fibre of V → E is an elliptic curve.
Furthermore, we see that {pi, E} ∩ {pj , E} = {pi, pj}, so that the singular fibres
of π : V → E are above the points pi + pj ∈ E where the sections meet. These
give 6 nodes in V . Resolving these nodes give 6 fibres of type A˜1 in the minimal
resolution V˜ of V .
Since W = V ×E En, we obtain its singular points and the singular fibres of
W˜ → En by pulling back those of V, V˜ , obtaining 6n of each. In addition, the
differences of the given sections of V → E are of order 2, so the same is true of
their pullback to sections of W˜ → En. 
Corollary 3.13. The topological Euler characteristic of W is 6n, while that of W˜
is 12n.
Proof. The Euler characteristic of an elliptic surface is the sum of those of the sin-
gular fibres. On W these are nodal rational curves, so each has Euler characteristic
1, and there are 6n of them. On W˜ , each one is an I2 fibre, whose Euler character-
istic is 2 (alternatively, we obtain W˜ from W by blowing up the 6n singular points,
replacing 6n points by 6n smooth rational curves). 
We now study some curves on the surfaces D3 × D3 in order to construct sec-
tions of the elliptic surface structure of W˜ . This will be essential to match our
construction in this section with that of Section 2.
Definition 3.14. Recall that the pi are the points of E at which the map D3 → E
is ramified. Let the Pi be their inverse images in D3 and the (Qi,r)
d−1
r=0 their inverse
images in Cn, chosen such that γ(Qi,r) = Qi,r+1 mod n.
Let P ∈ D3. Define VP , HP to be the curves onD3×D3 obtained by pulling back
P through the first and second projections respectively, and let V,H be their divisor
classes up to algebraic equivalence. Let Vi = VPi and Hi = HPi for 0 ≤ i ≤ 3. In
addition, let ∆,Γι be the classes of the divisors of the diagonal and the graph of ι
respectively. For i ∈ {0, 1, 2, 3}, pull back VPi to a curve on Cn × Cn and let Si be
its image under ω (the curve on Cn × Cn has n components but they all have the
same image in W ).
We now use the definition of W as a quotient to identify its singularities.
Proposition 3.15. The singularities ofW are the images of the points (Qi,r, Qj,s) ∈
Cn × Cn for i 6= j and r, s ∈ {0, . . . , n− 1}.
Proof. A singularity of W can only occur at the image of a point of Cn × Cn with
nontrivial G-stabilizer. Further, the image of a point P for which the fixed locus
of its G-stabilizer is a divisor that is smooth at P is smooth.
In particular, the fixed locus of an element of G of the form gkσ is the graph of
γk or γkβ on Cn×Cn, which is a smooth curve, so singularities are only possible at
points of intersection of two of these, which are fixed points of some gk or gkb. For
k 6= 0 these have no fixed points, so it suffices to consider the 16n2 fixed points of
β, which are exactly the pairs (Qi,r, Qi′,r′). This map acts on the tangent space of
such a point by −1. If i 6= i′ it is the full stabilizer, so the quotient is e´tale-locally
isomorphic to A2/± 1 and we obtain an A1 singularity.
On the other hand, if i = i′ then the point is fixed by γkσ and γkβσ for some
k; conjugating by a power of g, we may take k = 0 or 1. Clearly σ acts on the
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tangent space by exchanging two generators in a suitable basis. Thus the quotient
is e´tale-locally isomorphic to the quotient of A2 by the group generated by (x, y)→
(−x,−y), (x, y) → (y, x) (if k = 0) or by (x, y) → (−x,−y), (x, y) → (ζny, ζ−1n x)
(if k = 1). It is easy to see that the invariant ring is generated by xy, x2 + y2,
respectively xy, x2 + ζ2ny
2, and thus that the point on the quotient is smooth. 
Note that there are 12n2 pairs (Qi,r, Qi′,r′), each with stabilizer of order 2, so
they fall into orbits of size 2n and we obtain 6n singular points on the quotient.
This matches the result of Proposition 3.12.
Remark 3.16. Suppose that Pi+Pj 6= Pk+Pl on E for all permutations (i, j, k, l) of
0, 1, 2, 3. Then the 6n singular points ofW all lie on distinct fibres of the mapW →
En, and conversely. Note also that any two of the Si intersect in n points; since
there are four Si, this gives n
(
4
2
)
= 6n points of intersection, which are precisely
the singularities of W . Each of the three equalities of the form Pi + Pj = Pk + Pℓ,
if it holds, causes two A˜1 fibres to merge to form an A˜3 fibre.
The Hi, Vi will give us the identity and 2-torsion sections on W from another
point of view. In [23, Section 3] that is sufficient, because the K3 surfaces considered
there have Picard number 16 while the elliptic fibration constructed has six A˜1 fibres
and two D˜4, so the Mordell-Weil group of the fibration is torsion. In our situation
with n = 3, however, we will find that W˜ has a quotient K3 surface that comes
with an elliptic fibration with nine A˜1 fibres and one D˜4 fibre, and so we need to
construct a section of infinite order.
Proposition 3.17. For each i with 0 ≤ i ≤ 3, the linear system |KD3×D3 − Vi −
Hi − ∆| has projective dimension 0. In other words, there is a unique effective
divisor in the canonical class of D3 × D3 whose support includes Vi, Hi, and the
diagonal.
Proof. The diagonal is defined in D3 × D3 ⊂ P2 × P2 by x0y1 − x1y0 = x0y2 −
x2y0 = x1y2 − x2y1 = 0. In this representation, the canonical class of D3 ×D3 is
O(1, 1). Choose coordinates on P2 so that the first coordinate of every Pi is 0. Let
Pi = (0 : a : b), and let r, s, t be such that
r(x0y1 − x1y0) + s(x0y2 − x2y0) + t(x1y2 − x2y1)
vanishes on Vi and Hi. In particular, setting y0 = 0, y1 = a, y2 = b we find that
(ra + sb)x0 + t(bx1 − ax2) = 0 for all points (x0 : x1 : x2) ∈ D3. This means that
all of the coefficients of the xi in this linear form must be 0: in particular, t = 0,
while ra = −sb. Up to scaling the only possibility is that r = b, s = −a, t = 0, so
Ei can only be the divisor cut out by b(x0y1 − x1y0)− a(x0y2 − x2y0). 
Remark 3.18. The same statement is true with the diagonal replaced by the
graph, Γι, of the involution ι, up to the changes of sign between the equations
defining the diagonal and those defining the graph.
Definition 3.19. Let the Ui be the effective divisors from Proposition 3.17. Let
the Ri be the residual component of the Ui. Let Gi ⊂ W be the images of the
pullbacks of the Ri to Cn × Cn under ω. Similarly, let the U ′i be the effective
divisors, the R′i the residuals, and the G
′
i the curves on W that are obtained by
the analogous construction with the diagonal replaced by Γι. Let H,V,D be the
classes of D3× p0, p0×D3, and the diagonal in the Ne´ron-Severi group of D3×D3
(sometimes D will also denote the diagonal itself).
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In order to obtain further information about the elliptic surface structure on
W , we make a closer study of D3 × D3 and the Ri. First we observe that Ri
was obtained from the canonical by removing one divisor of each of class H,V,D.
Since KD3×D3 ∼ 4H + 4V , we see that Ri ∼ 3H + 3V − D. By the adjunction
formula we have D2 = −4. It is now easily checked that Ri · D = 10, while
Ri · V = Ri · H = Ri · Γι = 2, where Γι is the graph of the involution. Likewise
R′i ∼ 3H + 3V − Γι, so that Ri ·R′i = 9 + 9− 6− 6 + 4 = 10.
Proposition 3.20. The point (Pj , Pk) ∈ D3×D3 belongs to Ri and R′i if and only
if: (1) #{i, j, k} = 3, or (2) i = j = k and Pi is a flex of D3.
Proof. We give the proof for Ri, that for R
′
i being identical. We use the formula
for the section of O(1, 1) defining Ui from Proposition 3.17. Clearly all points of
the form (Pj , Pk) belong to Ui. It is routine to prove “only if” in case (1): if j 6= k
then (Pj , Pk) /∈ ∆, while i 6= j implies that (Pj , Pk) /∈ Vi and i 6= k tells us that
(Pj , Pk) /∈ Hi. Thus if all three conditions hold, then (Pj , Pk) ∈ Ri.
Conversely, let us start with a point (Pj , Pk), where k 6= i (and either j = i or
j = k). Now, Ui and Vk have no components in common and their intersection
number is 4. Since Ui ∩ Vk contains the 4 points (Pj , Pk) for 1 ≤ j ≤ 4, the local
intersection multiplicity at each of them is 1. Thus Ui must be smooth at each of
these points. In particular, it is not possible for more than one component of Ui
to pass through (Pi, Pk). But Hi does, so Ri cannot. Similarly for (Pj , Pi) where
j 6= i.
Finally, we consider the point (Pi, Pi). We have Ui · Γι = 8. Three of the
points of intersection are the (Pj , Pj) for i 6= j. Each of Hi, Vi, D passes through
(Pi, Pi). The two remaining points of intersection are the (tm, ι(tm)), where the tm
for m = 1, 2 are the residual intersection points of the tangent line to C at Pi with
C (this is easily checked: letting Pi = (0 : a : b) as before, the tangent line to C at
Pi is defined by bx1 − ax2 = 0). So Ui ∩∆ consists of these two points, which are
equal to Pi if and only if Pi is a flex. (If Pi is a flex it must be a hyperflex, in view
of Lemma 3.10.) 
Corollary 3.21. Ui ∩ Vj = {(Pj , Pk), (Pj , Pℓ)}, where {i, j, k, ℓ} = {0, 1, 2, 3}.
Similarly for Ui ∩Hj.
Let S˜i, G˜j , G˜
′
k be the strict transforms of Si, Gj , G
′
k on W˜ . In fact we have
already met the S˜i.
Proposition 3.22. The S˜i coincide with the pullback of the ramification locus of
the map V → Sym2(E) (Proposition 3.12) to W˜ . In particular, they are sections
and the difference of any two of them is 2-torsion.
Proof. Indeed, both S˜i and the component above {pi, E}map to {pi, E} ⊂ Sym2(E)
and are irreducible. The result follows. 
Proposition 3.23. If i 6= j then S˜i ∩ G˜j = S˜i ∩ G˜′j = ∅.
Remark 3.24. Here and in the following proofs the arguments required for the G˜′j
are identical to those for the G˜j , so we will not state them separately.
Proof. The intersection Ui ∩ Vj is transverse, so the same is true after pulling back
by the e´tale map Cn × Cn → D3 × D3. The intersection of the inverse images
consists of the points of the form (Qk,r , Qℓ,s), where {i, j, k, ℓ} = {1, 2, 3, 4} and
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r, s ∈ {0, . . . , n − 1}. So if we blow up the preimages of the 2n2 singular points
of W on Cn × Cn, the strict transforms of the inverse images do not meet. The
quotient of this blowup by G is exactly W˜ . By push-pull and the fact that the
inverse image of Vj consists of a complete G-orbit, it follows that the images of
these inverse images on W˜ do not meet either. 
Proposition 3.25. We have (S˜i, G˜i) = (S˜i, G˜
′
i) = n. In fact, the image of S˜i ∩ G˜i
is the inverse image of O ∈ E under the unramified cover En → E; in particular it
is independent of i.
Proof. We have already seen that Ri ·Vi = 2, so when we pull back to Cn×Cn the
intersection number is 2n2 (this being an e´tale map of degree n2). The intersection
locus is preserved by the action of b and g on Cn × Cn, while it is disjoint from
its image under σ. The only fixed points of a nonidentity element of the group
generated by b, g are the Qi,j, which are generically not in the intersection, as we
have seen. Thus this group acts on the set of 2n2 points with orbits of size 2n, and
so there are n orbits. It also follows that the intersection points are smooth, so
that the number of points of intersection of S˜i and G˜i on W˜ is the same as that of
Si and Gi on W .
To obtain the more precise information in the second statement, we appeal to
Lemma 3.10. The intersection Ri ·Hi is linearly equivalent to OHi(1)− (Hi + Vi +
D) ·Hi. Here the first is the canonical, while the second consists of two copies of the
point (Pi, Pi) ∈ Hi. Since it is an effective divisor of degree 2, and plane quartics
are canonically embedded, it can only be the residual intersection of the tangent
line, so it consists of the two points (Pi, P
−
i,j) for j = 1, 2, where the P
−
i,j are the
two points of D3 with image −pi on E. When we pull back to Cn, therefore, the
first coordinate is an inverse image of Pi and the second is an inverse image of P
−
i,j ,
so their images on En are inverse images there of ±pi. The sums of these are the
points of En in the kernel of the isogeny En → E. 
Proposition 3.26. We have (G˜i, G˜
′
i) = n, while (G˜i, G˜
′
j) = 2n for i 6= j.
Proof. First, for (G˜i, G˜
′
i), we computed just before Proposition 3.20 that (Ri, R
′
i) =
10, and in that proposition that 6 of the special points (Pj , Pk) lie on the intersec-
tion. Thus we have 10n2 points of intersection when we pull back to Cn × Cn, of
which 6n2 map to singular points of W . When we blow up to pass to W˜ , these in-
tersections are pulled apart and do not contribute to (G˜i, G˜
′
i), leaving 4n
2 points of
intersection on Cn×Cn. The degree-4n map toW combines these into 4n2/4n = n
points, since as in the argument for Proposition 3.25 just above they are not fixed
by any element of G other than the identity.
Likewise, for (G˜i, G˜
′
j), we again have (Ri, R
′
j) = 10, but this time only 2 of the
special points are on the intersection. Thus we are left with 10n2 − 2n2 points of
intersection on Cn × Cn that give rise to intersection points on W˜ , and they are
combined in sets of 4n, so the intersection number is 2n. 
Proposition 3.27. The Si, the Gi, and the G
′
i are sections of the map W → En.
Proof. We have already explained this for the Si in Proposition 3.22, so we consider
the Gi. Let F be a fibre of the map D3 ×D3 → E, i.e., a curve whose points are
the (x, y) such that the images of x, y on E have a given sum. Since the map
D3 → E has degree 2, we have F ·H = F · V = 2, while F ·∆ = F · Γι = 8 (here
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using the fact that doubling has degree 4 on E and that ι preserves the map to E).
Thus, if NS(D3 ×D3) is generated by H,V,∆,Γι, we easily find that F has class
4(H+V )−∆−Γι, and this follows in general by writing down the equation defining
F ∪ ∆ ∪ Γι. We now compute that F · Ri = 4. Thus the pullbacks to Cn × Cn
meet in 4n2 points, and, since the pullback of F consists of complete G-orbits, their
images on W meet in 4n2/#G = n points. That is to say, the curve Gi meets a
fibre of the map W → E in n points. Such a fibre consists of n fibres of the map
W → En, and the intersection with each of them must be the same since the fibres
are algebraically equivalent: it is therefore 1. 
Henceforth we assume the condition of Remark 3.16, which holds on an open
subset of the moduli space.
Remark 3.28. The sections G˜′i are the negatives of the sections G˜i if one of the
S˜j is taken as origin. We will prove this in Proposition 3.45.
Proposition 3.29. The curves G˜i, S˜i pass through different components of every
one of the A˜1 fibres, and likewise G˜
′
i, S˜i. Under the assumption of Remark 3.16, for
i 6= j, there are 2n fibres of type A˜1 for which S˜i and S˜j meet the same component.
On these fibres the other two S˜ pass through the other component.
Proof. For the first statement, it suffices to use the fact (Proposition 3.20) that
(Pj , Pk) ∈ Ri if and only if i /∈ {j, k}, which implies that each singular point lies
on exactly one of G˜i, S˜i for each i.
For the second statement, note that S˜i, S˜j can be on the same component in
two ways: either they both pass through the singular point or neither does. As in
Remark 3.16, there are n of each type, and if S˜i, S˜j meet in a point then that point
is not on S˜k, S˜ℓ (where {i, j, k, ℓ} = {0, 1, 2, 3}). 
Remark 3.30. The map induced by the canonical divisor class on W˜ is precisely
the fibration φ : W˜ → En for an appropriate embedding of En into Pn−1. Indeed,
let F be a fibre. Then the adjunction formula shows that (K
W˜
+F ) ·F = KF , and
bothKF and F ·F are 0 as divisor classes on F . On the other hand, the fundamental
line bundle L [21, Definition II.4.1] has degree n, since W˜ has Euler characteristic
12n. The canonical bundle of W˜ is φ∗(KEn ⊗ L) = φ∗(L) [21, III.1.1], and so its
intersection with a section of φ (such as one of the G˜i or S˜i defined earlier) is n.
It therefore embeds the section as an elliptic normal curve in Pn−1 isomorphic to
En, and, since the fibres of φ are contracted to points, the image of W is the same
curve.
3.3. A second construction of W . We have constructed a singular surface W
whose minimal desingularization W˜ is an elliptic surface over En. We would like
to construct an elliptic K3 surface that is a quotient of W˜ . In order to do this, we
need to construct a group of automorphisms of W˜ that includes an element that
acts as negation on the base En, since a K3 surface does not have a nonconstant
map to an elliptic curve. We will do this by relating W to the symmetric square of
E, which is a P1-bundle over E, and to its pullback to En.
Definition 3.31. Let S˜ym
2
(E) be the blowup of Sym2(E) at the points {pi, pj}
for i 6= j. Let the Σi be the sections x→ {pi, x− pi} of Sym2(E)→ E and the Σ˜i
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their proper transforms on S˜ym
2
(E) (which are still sections of S˜ym
2
(E)→ E). Let
Eij ⊂ S˜ym
2
(E) be the exceptional divisor above the point of intersection of Σ˜i∩ Σ˜j
and let Fij be the other component of the fibre there.
We will construct a birational automorphism on the double cover V˜ (Defini-
tion 3.11, Proposition 3.12) of S˜ym
2
(E) and pull it back to W . The idea is that
S˜ym
2
(E) is itself a double cover of M0,5, and so V covers M0,5 with degree 4.
The construction is closely related to that of Construction 2.7. We will show that
the Galois group of the cover is the Klein four-group, so that there is an addi-
tional involution that acts nontrivially on the base and by which the quotient is
not Sym2(E).
Lemma 3.32. The self-intersection of Σi on Sym
2(E) is the divisor class {pi, pi}
on the section. On S˜ym
2
(E), the self-intersection of Σ˜i is {pi, pi}−
∑3
j=0,i6=j{pi, pj}′,
where {pi, pj}′ is the point of the exceptional divisor above {pi, pj} ∈ Sym2(E) that
lies on Σ˜i.
Proof. On Sym2(E) one checks easily that the self-intersection number is 1, so it
suffices to identify the point. Let p′ 6= pi ∈ E correspond to the section x →
{p′, x − p′}. Clearly these two sections intersect at the point {pi, p′}, so the same
remains true in the limit p′ → pi.
We consider the map S˜ym
2
(E) → Sym2(E) and apply the push-pull formula,
finding that Σ˜i ·(Σ˜i+
∑
j Eij) = Σ
2
i . But Σ˜i ·Eij = {pi, pj}′. The result follows. 
Lemma 3.33. Let q be a point of E such that 2q = p0 + p1 + p2 + p3 in the group
law of E. Let Fq be the fibre of Sym
2(E)→ E lying above q. Then the divisor
Dg =
3∑
i=0
Σ˜i − 2(Σ˜0 + Σ˜1 + E01 + F23 − Fq)
on S˜ym
2
(E) is principal.
Proof. The Picard group of S˜ym
2
(E) is an extension of the Ne´ron-Severi group by
Pic0. The Ne´ron-Severi group is generated by the classes of a section, a fibre, and
the exceptional curves. On the other hand, Pic0 is a 1-dimensional abelian variety
and is easily seen to be isomorphic to E by the map S˜ym
2
(E)→ Sym2(E)→ E.
The Σ˜i have self-intersection −2 and that Σ˜i meets Ejk in degree 1 if i ∈ {j, k}
or 0 otherwise. Also (Eij , Fkℓ) = 1 for {i, j} = {k, ℓ}, else 0. Since the Eij are
−1-curves, it is now clear that (Dg, Eij) = 0 for all i, j; that Dg has degree 0 on
fibres is also obvious.
In addition, we easily compute that (Dg, Σ˜0) = 0, but we need to check that
the intersection is the principal divisor class on Σ˜0. The self-intersection of Σ0 on
Sym2(E) is the divisor O(P ), where P is the point {p0, p0} on Σ0. When we blow
up the points (p0, pi) for 1 ≤ i ≤ 3, the self-intersection becomes O(p0−p1−p2−p3).
On the other hand, the other S˜i are disjoint from S˜0, and E01, F23 intersect it in
{p0, p1} and {p0, p2 + p3 − p0}. Finally, Fq, F0 intersect in {p0, q − p0}, {p0,−p0}.
Thus the intersection of Dg with Σ˜0 is given by the divisor −(p0) + (p1) + (p2) +
(p3) − 2(p1) − 2(p2 + p3 − p0) + (2q − p0). This is a divisor of degree 0 and the
points add to 0, so it is a principal divisor. 
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We would like to say that V is the double cover of S˜ym
2
(E) ramified along the
Σ˜i obtained by adjoining a square root of the function with divisor Dg. However,
this is only well-defined when the point q is specified. In fact this is the same choice
that we made in Definition 3.6 where we defined a double cover of E branched at
p0, . . . , p3: choosing such a double cover is equivalent to defining a function with
divisor (p0) + (p1) + (p2) + (p3) − 2D, where D ∈ Pic2(E). This is equivalent to
choosing the origin (as we did there) or q (as we do here).
We now observe that the Σ˜i are the pullbacks of the special sections of M0,5 →
M0,4, while the map E →M0,4 induced by the family maps both pi+pj and pk+pℓ
to the boundary point δij = δkℓ. Accordingly it is the quotient by the negation
map p → ∑3i=0 pi − p. The fibres fixed as sets by this negation map are those at
the four points (
∑
pi)/2. Comparing the canonical divisors, we see that all four of
these are ramified in the cover.
Proposition 3.34. The extension of function fields corresponding to the cover
V 99KM0,5 is Galois and its Galois group is the Klein four-group.
Proof. The Σ˜i are pullbacks of the special sections Σi : M0,4 → M0,5, while
E01 + F23 is the pullback of E01 ⊂ M0,5; the discussion just above shows that Fq
is the pullback of a single fibre above the image q′ of q in M0,4. Accordingly the
divisor Dg above is the pullback of the divisor
∑3
i=0 Ei − 2(E0 + E1 + E01) + Fq′
on M0,5 (recall the notation introduced in Definition 2.6), which has intersection
0 with all Eij and Ei and is therefore principal. Let g ∈ k(M0,5) be a function
with this divisor (in terms of the interpretation ofM0,5 as a blowup of P2, the fibre
Fq′ is defined by a quadratic form Q, while E01 is defined by a linear form L; the
pullback of Q/L2 toM0,5 is the desired function). Then the cover V˜ → S˜ym
2
(E) is
given by adjoining a square root of g. Let the Fpi be the fibres above the pi, let D
be a divisor which is the sum of two arbitrary fibres, and let f be a function with
divisor
∑3
i=0 Fpi − 2D. Then we have
k(V ) = k(Sym2(E))(
√
g) = k(M0,5)(
√
f,
√
g).
Since f, g ∈ k(M0,5), and clearly their ratio is not a square, the result follows. 
Let νV be the negation automorphism of the elliptic surface V˜ (the quotient
of this is V˜ , whose function field is k(M0,5)(
√
f), so at the level of fields it is
given by
√
f → √f,√g → −√g). Let λV be the involution of V˜ induced by the
automorphism
√
f → −√f,√g → √g.
Remark 3.35. Since the divisor of g has odd multiplicity along Fq′ , the fibre above
q′ is unramified in the quotient map V˜ → V˜ /λV , while the other three fibres above
points (
∑
pi)/2 are ramified in that extension. The opposite is true for λV νV .
We are now ready to consider W . This involves changing the base fromM0,5 to
C0 ×M0,4 M0,5; the covers are Sym2(E) ×E En and W˜ = V˜ ×E En (cf. Figure 4).
The choice of λV determines an origin on E, which will be denoted Oλ.
Definition 3.36. We define an automorphism λ = λW,Q of W˜ as the map corre-
sponding to the maps W˜ → V˜ : λV ◦π1 and W˜ → En : (−1)En ◦π2 by the universal
property of a product, where (−1)En is the negation on En with origin Q. (Note
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that λ induces the negation on E, so we must compose with (−1)En to obtain maps
that make the diagram commute.)
We restate this, together with information on the fixed fibres, as a theorem.
Theorem 3.37. For all lifts Q of Oλ to En, the negation map of En with origin
at Q lifts to an automorphism λQ of W˜ that preserves the elliptic fibration and
the sections S˜i. The map λ acts as −1 on the fibres at the 2-torsion points of En
relative to the origin Q that are not in the kernel of the isogeny En → E and as
+1 on those that are.
Proof. The automorphism λQ is that of Definition 3.36. The automorphism of En
induced by λW lifts the negation on E induced by λ. The only fibres of W˜ → En
that are fixed as sets by λ are those above the 2-torsion of En relative to the chosen
origin, and these are fixed pointwise or not according as the fibres over the images
of these points in E are fixed pointwise or not (clear from the description of the
map as a fibre product). 
Remark 3.38. In particular, the automorphism of En given by translation by the
difference of two points mapped to the same point by the isogeny to E also lifts to
an automorphism of W˜ .
Let ν = νW be the negation automorphism of W˜ with respect to one of the Σ˜i
as zero section (in light of Proposition 3.22 the choice does not matter). Then λ
restricts to an isomorphism from the fibre above a point P ∈ E to the fibre above
−P , while ν is the negation on both fibres. These commute, so λν = νλ on an
open subset of W˜ and hence everywhere; it follows that λ and ν generate a Klein
four-group. (We may also see this by viewing ν as the pullback of νV to W˜ .)
Remark 3.39. When we discuss K3 surfaces in terms of their Picard lattices, as
mostly in Sections 2, 6, we use the ADE notation for reducible fibres, since the
Picard lattice does not contain the more refined information present in the Kodaira
classification. On the other hand, in studying a K3 surface as a variety, it is better
to keep track of this information. We recall the correspondence between the two
notations, as in [21, Table I.4.1]:
ADE type Kodaira symbol
— I0, I1, II
A˜1 I2, III
A˜2 I3, IV
A˜n (n > 2) In+1
D˜n I
∗
n−4
E˜6 IV
∗
E˜7 III
∗
E˜8 II
∗
Proposition 3.40. Both W˜/〈λ〉 and W˜/〈λν〉 have 3n fibres of type I2. If n is
even then both have two fibres of type I∗0 , and if n is odd then W˜/〈λ〉 has one and
W˜/〈λν〉 has three. There are no other singular fibres.
Proof. Recall that W˜ has 6n fibres of type I2, of which n contain the strict transform
of a point of Σ˜i ∩ Σ˜j for each subset {i, j} ⊂ {0, 1, 2, 3} of order 2. Both λ and
24 COLIN INGALLS, ADAM LOGAN, AND OWEN PATASHNICK
λν identify these fibres for a given {i, j} with those for the complement, so the
quotient has 3n such fibres. These are the only singular fibres of W˜ and the image
of a smooth fibre cannot be singular in the quotient unless it is fixed setwise and
the involution acts as negation, in which case we obtain an I∗0 fibre. (The quotient
of an elliptic curve by negation is a rational curve, which will be double in the
quotient fibration, and we need to blow up the four fixed points.)
As in Theorem 3.37, then, the number of points of order 2 of En that are (re-
spectively, are not) in the kernel of the map En → E is the number of I∗0 fibres of
W˜/〈λ〉 (resp. W˜/〈λν〉). Clearly this is as claimed. 
Corollary 3.41. The desingularizations of W˜/〈λ〉 and W˜/〈λν〉 have Euler char-
acteristics 12⌈n−12 ⌉, 12⌊n+12 ⌋ respectively, and they have h2,0 = ⌈n−12 ⌉, ⌊n+12 ⌋. In
particular W˜/〈λ〉 is a K3 surface for n = 2, 3.
Proof. For the first statement, we recall that the Euler characteristic of an elliptic
surface is the same of those of the singular fibres and use the fact that I∗0 and I2
fibres have Euler characteristic 6, 2 respectively. Alternatively, we could compute
this by determining the Euler characteristics of W˜ and of the fixed loci of λ, λν.
The second follows from the first by applying [21, (III.4.2)]. 
Remark 3.42. In the case n = 2, our construction gives two K3 surfaces. In
addition, we have two abelian surfaces, namely the Prym varieties of the double
covers C2 → D3 and D3 → E. It is natural to expect a relation between these, and
indeed we verified in some examples that the K3 surfaces are isogenous to the Prym
varieties of these two covers. In any case, they come with elliptic fibrations that
have two D˜4 and six A˜1 fibres, and so the results of [23] already show that they are
covered by the square of a curve of genus 5 and construct an explicit correspondence
between them and the square of the Kuga-Satake varieties.
The A˜1 fibres are above the same points of P
1. If we twist to construct a surface
E2 with D˜4 fibres above the four points where one of the surfaces W˜/〈λ〉, W˜ /〈λν〉
has such a fibre, we obtain an elliptic surface with h2,0 = 2 and Kodaira dimension
1. It turns out that the double cover E2 → E in this case induces an involution
µ of W2 that acts nontrivially on the base. Letting ν be the negation map for the
fibration, we find that W2/〈µ〉, W2/〈µν〉 are both K3 surfaces that come with an
elliptic fibration with (generically) three fibres of type I∗0 and three of type I2, full
level-2 structure, and Picard rank 17. The quotient of such a fibration by a 2-torsion
translation has three I∗0 fibres, an I4, and a 2-torsion point. Under the genericity
assumption that the rank is 17, this determines the Picard lattice completely. Since
the same reducible fibres and torsion subgroup arise for fibration type 4 in the list in
[15], the quotients are the Kummer surfaces of principally polarized abelian surfaces.
These surfaces are not quotients of W˜ and there appears to be no obvious connection
between the corresponding abelian surfaces and the curves of our construction;
nevertheless, we do obtain a correspondence on a subvariety of the square of the
moduli space of curves of genus 2.
Remark 3.43. In the case n = 4, we obtain, as quotients of W˜ , two surfaces with
h2,0 = 2 and Kodaira dimension 1. These admit involutions by which the quotients
are isogenous to Kummer surfaces as above. If we twist to remove the D˜4 fibres,
we obtain a K3 surface, with an elliptic fibration with 12 fibres of type I1 and rank
1 in general. Such a K3 surface has Picard number 15, and we would not expect it
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to arise from a construction such as this one. In Section 2 we construct a special
family of surfaces of this type with rank 2; however, these are isogenous to double
covers of P2 branched along six lines, so the fact that they are quotients of the
square of a curve already follows from the main result of [23].
Remark 3.44. In [23], in which n = 2, the choice of λ is less relevant because
nλ = 2 for both possibilities and Paranjape is not concerned with the degree of the
map of moduli spaces. Thus it is not necessary to distinguish between λ and λν.
For n = 5, we obtain an elliptic surface over P1 with 15 fibres of type I2 and one
of type I∗0 . We proved by checking a single example that there is no automorphism
of the base that permutes the I2 fibres, so there is no automorphism of the surface
that could have a K3 surface as its quotient (recall that the elliptic fibration is the
map associated to the canonical divisor, so it is preserved by all automorphisms of
the surface). Furthermore, we have found by numerical calculation for small primes
that the characteristic polynomial of Frobenius acting on the transcendental lattice,
whose dimension is 12, is often absolutely irreducible. That is to say, it remains
irreducible when a power of the variable is substituted for the variable; it follows
that the Galois representation on the transcendental lattice over any finite field
of the appropriate characteristic is irreducible and hence that there can be no
nontrivial correspondence to a K3 surface.
In the case n = 6, we obtain a curve Cn of genus 13 which is an unramified
cover of degree 6 of D3. The intermediate covers C3,2, C3,3 have genus 5, 7, so the
quotient Jac(Cn)/(Jac(C3,2) + Jac(C3,3)) is of dimension 13 − 5 − 7 + 3 = 4 and
we expect to obtain a family of K3 surfaces of Picard number 16. In terms of our
construction here, we obtain surfaces with h2,0 = 3. These surfaces should map to
those given by the n = 2, n = 3 constructions, which suggests that there should
be a third quotient which has h2,0 = 1 and is therefore a K3 surface. We expect
that it will be a surface already covered by our main result, Theorem 1.2, since the
Hodge structure will admit an action of an order of Q(
√−3) rather than of some
other quadratic ring (cf. Section 4).
We will apply the following alternative characterization of λ in the case n = 3.
However, the proof is valid for all n > 2.
Proposition 3.45. For n > 2, the G˜i and G˜
′
i (Definition 3.19) are preserved by
λ, whereas λνG˜i = G˜
′
i and vice versa.
Proof. First we show that λνG˜i 6= G˜i: this is the only part of the proof that requires
n > 2. If they were equal, then G˜i would have to meet the fibres fixed as sets but
not pointwise by λν in a point on one of the S˜i, these being the only points on
such fibres fixed by λν. Since G˜i and S˜j are disjoint for i 6= j, and G˜i · S˜i = n,
this would only be possible if all n points of intersection were on these fibres. This
cannot happen, because the fibres differ by 2-torsion whereas the images of the
points of intersection in En differ by n-torsion.
Next we show that νG˜i = G˜
′
i and νG˜
′
i = G˜i. Note that ν lifts to the automor-
phism of Cn × Cn that acts as the identity on one copy of Cn and β on the other.
This in turn descends to the automorphism of D3 × D3 that acts as the identity
on one copy and ι on the other. This automorphism exchanges Ri and R
′
i and the
claim follows.
Finally we prove that the set {G˜i, G˜′i} is preserved by λ and λν. Let Li = λ(G˜i)
and consider the intersection matrixMn of the divisors S˜i, G˜i, G˜
′
i, Li, F, A1, . . . , A6n,
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S˜i G˜i G˜
′
i Li F A1 . . . A6n
S˜i −n n n n 1 0 · · · 0
G˜i n −n n a 1 1 · · · 1
G˜′i n n −n b 1 1 · · · 1
Li n a b −n 1 1 · · · 1
F 1 1 1 1 0 0 · · · 0
A1 0 1 1 1 0
...
...
...
...
... −2I6n
A6n 0 1 1 1 0
Table 1. Intersections of divisors on W˜
as summarized in Table 1, where F is the class of a fibre and the Ai are the noniden-
tity components of the A1 fibres of the fibration. We know all of the intersections
among these divisors, except for (G˜i, Li) and (G˜
′
i, Li), as follows:
• We saw in Proposition 3.25 that (S˜i, G˜i) = (S˜i, G˜′i) = n. Since λ(Si) = Si,
it follows that (S˜i, Li) = n as well.
• In Proposition 3.26 we found that (G˜i, G˜′i) = n.
• In Remark 3.30 we showed that K
W˜
∼ nF . By the adjunction formula,
we conclude that the self-intersection of every section is −n (recall that the
base is an elliptic curve, so the canonical divisor of a section is 0). Likewise
the self-intersection of a fibral rational curve is −2.
• As usual we have F 2 = (F,Ai) = (Ai, Aj) = 0 for i 6= j.
• By definition (S˜i, Aj) = 0 for all j. On the other hand (G˜i, Aj) = (G˜′i, Aj) =
1 for all j by Proposition 3.29.
Let (G˜i, Li) = a, (G˜
′
i, Li) = b. The divisor S˜i + G˜i + G˜
′
i has self-intersection 3n,
so by the Hodge index theorem Mn cannot have negative determinant. We now
show that detMn = −n · 26n · (a + b)2. Add 1/2 the sum of the last 6n rows to
rows 2, 3, 4, which does not change the determinant but makes the matrix block
triangular. The bottom right block is −2I6n of determinant 26n, and the top left
block is a 5 × 5 matrix whose determinant is checked to be −n(a+ b)2. Since the
determinant must be nonnegative, the conclusion is that the determinant is 0 and
so a ≤ 0 or b ≤ 0.
It is not possible for (G˜i, Li) to be 0: these are both irreducible curves with
nonempty intersection (at the points of G˜i ∩ S˜i), so that would require G˜i = Li
and G˜2i = 0. The second of these is false. Therefore either a < 0 and Li = G˜i, or
b < 0 and Li = G˜
′
i. We ruled out the second choice above, so the first must hold:
that is, λ(G˜i) = G˜i. 
Definition 3.46. Let K = W˜/〈λ〉. Let πK : K → P1 be the induced elliptic
fibration on K arising from the fibration W˜ → En. Let Ti, Ji, J ′i be the images of
the curves S˜i, G˜i, G˜
′
i, the strict transforms of the Si, Gi, G
′
i on W˜ , on K (recall that
the Si, Gi, G
′
i were defined in Definitions 3.14 and 3.19).
By construction, relative to the origin O on E we have pi+pj = −(pk+pl) when
{i, j, k, l} = {1, 2, 3, 4}, so for all lifts qi, qj , qk of pi, pj , pk to En there is a lift ql of
pl with qi + qj = −(qk + ql). As these are the points lying under the singular fibres
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of W˜ → En, these fibres are identified in pairs by the quotient map W˜ → W˜/〈λ〉.
In addition, the quotient map takes the fibre or fibres that is negated to a rational
curve along which there are four singularities: we thus introduce fibres of type I∗0
there. We have thus proved:
Theorem 3.47. The elliptic fibration πK has 3n reducible fibres of type I2. It also
has one of type I∗0 when n is odd and two when n is even.
Proposition 3.48. The Ji, J
′
i are sections of the induced fibration K → P1.
Proof. More generally, we consider the following situation. Let X1 → C1 be an
elliptic surface, and let α be an involution of X1 preserving the set of fibres and
acting nontrivially on C1; let X2 = X1/α, so that X2 has an induced elliptic
fibration to C1/α, and let π : X1 → X2 be the quotient map. Let F1, F2 be the
classes of a fibre on X1, X2 respectively. Then π∗(F1) = F2 and π
∗(F2) = 2F1 up
to algebraic equivalence. Thus if S1 is a section on X1, we have 2 = (S1, π
∗F2) =
(π∗S1, F2). In other words, S1 descends to a section of X2 → C1/α if and only if
α(S1) = S1 (the condition that α act nontrivially on C1 prevents a section from
being ramified in the quotient).
The claim now follows from Proposition 3.45. 
We now choose T1 as the zero section of πK . Let zi, ai be the curves in the I2
fibres of K through which T1 does (respectively does not) pass.
Lemma 3.49. (1) For j = 2, 3, 4, the curves Tj pass through 2n of the ai and
n of the zi.
(2) The curves Jj pass through exactly those of the zi, ai that are disjoint from
Tj.
Proof. This follows from Proposition 3.29. The 6n singular fibres are identified by
λ in pairs in such a way that a fibre containing the exceptional divisor above a
point in S˜i ∩ S˜j goes to one coming from an intersection point of S˜k ∩ S˜ℓ (where
again {i, j, k, ℓ} = {1, 2, 3, 4}). Thus T1 passes through the same component as Ti
for exactly 2n/2 = n of the singular fibres. For the second statement, it suffices to
recall from Corollary 3.21 that Ei contains the points (Pj , Pk) of D3 × D3 when
#{i, j, k} = 3, since that implies that Gi passes through the points of Sj ∩ Sk and
hence that Ji meets the exceptional divisors above these. 
Remark 3.50. The symmetry of the situation with respect to translation by the
2-torsion divisors Tj − T1 implies that any two Ti and any two Ji pass through the
same component of exactly n of the A˜1 fibres, while Ti and Jj pass through the
same component of 2n if i 6= j. (Again this follows from Proposition 3.29 as well.)
Proposition 3.51. We have Ji · Tj = 0 for i 6= j and Ji · Ti = ⌊n−12 ⌋.
Proof. For i 6= j the curves S˜j and G˜i are disjoint, while λ fixes Sj as a set: the
proves the first equality. For the second, we would like to use the push-pull formula
for the map qλ : W˜ → K. However, this requires that we blow up the isolated fixed
points of λ on W˜ : let the blowup be W˜ . These include the points on the fixed
fibres above O at which Si meets Gi (cf. Proposition 3.25). For n odd there is one
such fibre and for n even there are 2, so the intersection on W˜ is 1 or 2 less than
on W˜ and is therefore n− 1 or n− 2 (Corollary 3.25).
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Now applying the push-pull formula and observing that Sj maps to Tj with
degree 2, we see that (2Tj, Ji) = (S˜j , G˜i), and the result follows. 
Theorem 3.52. The sections Ji are of infinite order in the Mordell-Weil group of
πK , and further we have [Ji]− [Jj ] = [Ti]− [Tj ].
Proof. In view of the second statement, it suffices to prove the first for i = 0. If it
were not true, then the Picard class of Ji would be in the subspace of PicK ⊗ Q
spanned by curves in reducible fibres and the Ti. We will obtain a contradiction
by solving for [Ji] under the assumption that it is in this subspace of PicK ⊗ Q.
Note that a section S of πK satisfies S(KK + S) = −2; since KK is ⌊n−32 ⌋ times
the fibre class, this means that S2 = −2− ⌊n−32 ⌋.
We first consider the case of n odd. Choose a basis consisting of the fibre
class F , the 0 section S0, the nonzero components d1, . . . , d4 of the I
∗
0 fibre, and
the nonzero components a1, . . . , a3n of the 3n fibres of type I2. The class of Ji
has intersection 1 with all of these basis vectors except for the di, with which its
intersection is 0. One easily computes that if [Ji] is in the given subspace its class
is C = n+32 F + S0 −
∑3n
i=1 ai/2 and that C
2 = − 52 − n /∈ Z, a contradiction.
Now let n be even. In this case there is no I∗0 fibre and our basis has 3n + 2
elements, each of which intersects the putative class [Ji] once. Again one sees that
[Ji] = nF + S0 −
∑3n
i=1 ai/2. One of the torsion sections has the class (n− 1)F +
S0 −
∑2n
i=1 ai/2; the intersection of these is 1 − n2 , which is negative for n ≥ 4, a
contradiction. One also checks that [Ji]
2 = 2− n. This contradicts our calculation
of the self-intersection of a section for n 6= 4 and in particular for the last remaining
possibility n = 2.
To show that [Ji]− [Jj ] = [Ti]− [Tj] in the Mordell-Weil group of the fibration,
we return to the definitions. Recall that Ji was obtained by pulling back a divisor
Ri from D3 × D3 to Cn × Cn and mapping down to W and then K. Now, on
D3×D3 we have the linear equivalence [Ri] + [Hi] + [Vi] ∼ [Rj ] + [Hj ] + [Vj ], since
both of these are the class O(1, 1) − [D], where O(1) refers to the embedding of
D3 as a plane quartic (cf. Proposition 3.17) and D is the diagonal on D3 × D3.
We pull this back to Cn × Cn and then map down to K. The inverse image of Ri
on Cn × Cn maps with degree 2n to Gi ⊂ W , while those of Hi and Vi map with
degree n to Si ⊂W . Thus, by pushing forward toW and back to W˜ , we obtain the
relation 2n([Ji]+[Ti]) = 2n([Jj]+[Tj]) up to a linear combination of the exceptional
divisors of W˜ above the singular points of W . These divisors are vertical for the
fibration, so this relation holds in the Mordell-Weil group of W˜ (as elliptic surface
over E) up to torsion. Since the fibration has fibres of type A˜1 and full 2-torsion,
the 2-primary torsion must be (Z/2Z)2 (else the class of the nonidentity component
would be divisible by 2 in the component group). So [Ji] + [Ti] = [Jj ] + [Tj ] up
to torsion, and the difference must be of odd order because the two sides agree
in the component groups of all A˜1 fibres. If there were a torsion section T of odd
order greater than 1, it would pass through the zero section of every reducible fibre.
The height of a torsion section is 0, but if we apply [6, Lemma 1.18] to compute
the height pairing of such a section with itself, there are no correction terms and
we obtain 0 = −(T0 − T )2 = −T 20 − T 2. This is not possible since all sections
have the same self-intersection and this cannot be 0 for any fibration that is not a
product. 
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We now specialize to n = 3 so as to study the situation of a K3 surface with
Picard lattice L2. In this case we have a complete description of the Mordell-Weil
group, at least for a generic choice of initial data.
Theorem 3.53. Suppose that the Picard number of K is 16. Then the Mordell-
Weil group of K is isomorphic to Z⊕ (Z/2Z)2 and any one class Ji− Tj generates
the group modulo torsion.
Proof. The given description of the singular fibres together with the assumption on
the Picard number shows (by means of the Shioda-Tate formula) that the rank is
1. Further, the discriminant of the lattice spanned by the vertical curves and the
given sections is 192, so if its index in the full Picard group is d then 192/d2 ∈ Z,
so that d is a power of 2. Thus the only question is whether any nonempty sum
of the given generators can be divided by 2. To see that this is not the case, note
simply that the component groups of the singular fibres are all of exponent 2, so
that no section can be divided by 2 if it passes through a nonzero component on
any singular fibre. But, as already noted, the Tj pass through six of the bi for i 6= j
and Ji through all nine; it follows that the Ji + Tj pass through three. 
At this point we have constructed a new map κmod : M′3 → M′K,1 (recall
that these are respectively the moduli space of degree-3 covers C0 → M0,4 with
a choice of ramification point and of K3 surfaces with a suitable elliptic fibration
and a labelling of the 2-torsion sections; we take the torsion sections in the order
T1, T2, T3). To reiterate, starting from a point of M′3 we successively construct
E,E3, D3, C3,W, W˜ ,K, of which the last is a K3 surface with the desired additional
data. As pointed out at the beginning of this section, the choice of D3 is not
determined by the initial data and the field of moduli of D3 may not be the same
as that of E and the four points on it, but since K is determined up to isomorphism
by the initial data its field of moduli is the same.
We are now in a position to prove the main theorem (Theorem 1.2) of the paper.
In view of Remark 3.4, this is equivalent to proving Theorem 1.5.
Theorem 3.54. The map κmod coincides with the map κ defined in Definition
2.13.
Proof. We showed in Proposition 2.15 that a fibration of this type is determined
by the locations of its singular fibres, so it suffices to show that these are the same
for the two constructions. Recall that the definition of κ started from a triple cover
φ : C0 →M0,4 and associated to it an elliptic surface with a D˜4 fibre at the third
point in a chosen ramified fibre and with A˜1 fibres above the boundary points of
M0,4. To see that this construction does the same, we start by locating the D˜4
fibre. It is above the chosen origin q′′ of E3 above q
′, which in turn lies above the
point ofM0,4 under the chosen ramified fibre. In the associated map E3/± → E/±,
the fibre above the image of the origin of E consists of q′′, q′′ + T, q′′ − T , where T
is a point of order 3. Thus the map is ramified there and the origin of E3 is the
third point of the fibre, which is q′′.
The A˜1 fibres of V lie above the points pi + pj of E, as we saw in Proposition
3.12. Recall that p0 = O and pi = Bj + Bk where {i, j, k} = {1, 2, 3}. So the
A˜1 fibres lie above the points B1 + B2 + B3 ± Bi in E, and therefore above their
inverse images in E3. These are paired by the negation map to which λ descends
on E3, which must therefore fix a point above B1 +B2 +B3. Composing with the
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translation by −(B1 + B2 + B3) on E, we find that the A˜1 fibres are above the
points ±Bi and that the D˜4 fibre is above O. Then the D˜4 fibre in this structure is
at the origin of E3, which maps to the unramified point of E3/± in the fibre above
the image of q′ in E/±. So the locations of the singular fibres match in the two
constructions. 
To close this section, we remark that a general statement can be made using
Proposition 2.18. In terms of Definition 2.16, we have shown that the elliptic sur-
faces parametrized byM′E,3,({2,1}) are motive-finite. It is not necessary to introduce
M′E,n,R to discuss the case n = 3, because the ramification data associated to the
cover E3/± → E/± are generic. However, this is necessary for larger n; applying
our construction in general, we conclude:
Theorem 3.55. Let R be the ramification data consisting of four copies of (2, . . . , 2, 1)
for n odd, or two copies of (2, . . . , 2) and two of (2, . . . , 1, 1) for n even. Then the
elliptic surfaces parametrized by M′E,n,R are covered by the square of a curve, and
in particular have Kimura-finite motive.
4. Hodge theory
Following the discussion in [23, Sections 1–2], we reinterpret the construction of
Section 3 in terms of Hodge theory. In the case n = 3 that we are considering, the
construction can be summarized as follows:
(1) The cover C3 → D3 has a generalized Prym variety P4 which is an abelian
variety of dimension 7− 3 = 4.
(2) The automorphism of order 3 on C3 acts on H
1(P4,Q) to make it a 4-
dimensional vector space over Q(
√−3).
(3) The symplectic form on H1 gives an hermitian form with respect to the
Q(
√−3)-structure whose invariants can be computed.
(4) The decomposition of the Q(
√−3)-vector spaceH1(P4,Q) into components
of dimensions 2, 2 gives a decomposition of Λ2(H1(P4,Q)) into components
of dimensions 1, 4, 1, which we interpret as the transcendental lattice of a
K3 surface.
Remark 4.1. The only cases in which we obtain a generalized Prym variety of
dimension 4, either for Paranjape’s original construction or in our variant, are
those with n = 2, 3, 4, 6. For n = 4 our construction produces a curve of genus 9
which is an unramified cover of degree 4 of a curve of genus 3; the intermediate
cover of degree 2 has genus 5. Again, the moduli space is a finite cover of that of
the base curve of genus 1 with 4 points, so it has dimension 4.
In the case n = 6, we obtain a curve C6 of genus 13 which is an unramified cover
of degree 6 of a curve of genus 3; the intermediate covers have genus 5, 7. Thus
Jac(C6) has abelian variety factors of dimension 3, 5 − 3, 7 − 3, and the quotient
by the sum of these has dimension 4. These considerations are related to those of
Remark 3.44.
In this section we will prove:
Proposition 4.2. The abelian variety A associated to a K3 surface K with Picard
lattice Λ3 by the Kuga-Satake-Deligne correspondence is a power of the Prym variety
of the double cover C3 → D3 up to isogeny. Further, there is a correspondence
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between the Shimura varieties corresponding to SO(〈−2〉+ 〈−6〉+ U + U) and the
unitary group of U + U for Q(
√−3)/Q that parametrize the appropriate Hodge
structures.
The discussion in [23, Section 2] up to the end of the proof of [23, Lemma 2]
applies to our situation almost word for word, given the differences we previously
pointed out in Remark 3.9. Since our automorphism is of order 3 rather than 4,
the action on the spaces V and W is by ζ3, ζ
2
3 rather than by ±i. In addition, the
discriminant of the Hermitian structure H in our case is a power of 3, but again this
is enough to ensure that it is a norm from Q(
√−3) to Q. The result of Landherr
[17] used in [23, Section 2] does not depend on the particular quadratic extension
that arises.
One might speculate that for other quadratic fields Q(
√−n) there would be
an analogous construction with the automorphism replaced by a correspondence,
perhaps based on Paranjape’s idea or our variant. One would expect that the
discriminant of the Hermitian structure would be a power of n and therefore a
norm in the extension Q(
√−n)/Q and that the argument would still apply. (See
[19] for an interesting discussion of the Hodge structure for the associated abelian
Kuga-Satake variety and for computations similar to the ones below.)
In any case, even in the absence of a geometric construction beyond the simplest
cases n = 1, 3, let us suppose that F is a Q(
√−n)-vector space of rank 4 equipped
with a basis e1, f1, e2, f2 and an hermitian form with H(ei, fi) = H(fi, ei) = 1 and
all other pairings equal to 0. We carry through this calculation in detail in order
to obtain a precise statement at the end. We consider Λ2(F ) with the basis
a1 = e1 ∧ f1, a2 = e1 ∧ e2, a3 = e1 ∧ f2
b1 = e2 ∧ f2, b2 = f2 ∧ f1, b3 = f1 ∧ e2
(chosen such that ai ∧ bi is independent of i). We define H on Λ2F by defining
H(p∧q, r∧s) = H(p, s)H(q, r)−H(p, r)H(q, s), which is linear in p, q and antilinear
in r, s. It also satisfies H(p ∧ q, r ∧ s) = −H(q ∧ p, r ∧ s) = −H(p ∧ q, s ∧ r); thus
it gives a well-defined form on Λ2F , which is easily seen to be Hermitian. For
example,
H(a1, a1) = H(e1 ∧ f1, e1 ∧ f1)
= H(e1, f1)H(f1, e1)−H(e1, e1)H(f1, f1)
= 1 · 1− 0 · 0 = 1.
Similar calculations show that H(b1, b1) = H(a2, b2) = −H(a3, b3) = 1, while
all other products are 0. Likewise, we may extend H to a symmetric form on
the 1-dimensional space Λ4F = 〈g〉, where g = ai ∧ bi. Doing so, we find that
H(g, g) = H(a1, b1)H(b1, a1)−H(a1, a1)H(b1, b1) = 1.
Still following Paranjape, we now define a Q(
√−n)-antilinear automorphism t
of Λ2F by the condition that H(u1, u2)g = −u1 ∧ tu2 for all u1, u2 ∈ Λ2F . For
example, the only nonzero evaluation of H involving a1 is H(a1, a1) = 1, while
the only nonzero wedge product is a1 ∧ b1 = g. Thus we must have t(a1) = −b1,
and similarly t(b1) = −a1, t(a2) = −a2, and t(b2) = −b2 while t(a3) = a3 and
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t(b3) = b3. The invariant subspace for this involution is generated by
a1 − b1, (a1 + b1)
√−n, a2
√−n, b2
√−n, a3, b3.
By an easy calculation, the matrix MH of H on this basis is
MH =


−2 0 0 0 0 0
0 −2n 0 0 0 0
0 0 0 −2n 0 0
0 0 −2n 0 0 0
0 0 0 0 0 2
0 0 0 0 2 0


.
Note that, for all k 6= 0, the lattice U is isomorphic to the lattice whose Gram
matrix is k times that of U , by multiplying one of the generators by k.
Definition 4.3. Let U be the hyperbolic lattice generated by x, y with x2 = y2 = 0
and xy = 1. Let Λn be the lattice 〈−2〉+ 〈−2n〉+ U + U .
So by a suitable change of basis, the matrix MH can be rewritten to coincide
with the Gram matrix of the standard basis of the lattice Λn.
In this section we have shown the following statement.
Proposition 4.4. Over Q, the quadratic form H is isomorphic to the quadratic
form associated to Λn.
Combining Proposition 4.4 with the results of the previous section, we obtain a
proof of Proposition 4.2.
The following result, due to Lombardo, gives additional information:
Proposition 4.5. [19, Corollary 6.3 and Theorem 6.4] Notation as in Proposition
4.2.
(1) There is an isogeny
A ∼ P 44
;
(2) Q(
√−3) ⊆ EndQ(P4);
(3) P4 admits a polarization H such that (P4, H,Q(
√−3)) is a polarized abelian
variety of Weil type with disc(P4, H,Q(
√−3)) = 1.
Corollary 4.6. There is an inclusion of Hodge structures
T (K) →֒ H2(P 44 × P 44 ,Q),
where K is as in Proposition 4.2.
This corollary follows directly from Proposition 4.2.
Theorem 4.7. The Hodge conjecture is true for K ×K.
Proof. The proof is the same as for [25, Theorem 2], mutatis mutandis as in Propo-
sition 4.5 and Corollary 4.6 above. 
Remark 4.8. To close this section, we remark that a K3 surface S with Picard
lattice isomorphic to L2 is isogenous to a K3 surface S
′ with transcendental lattice
Q-isomorphic to 〈−2〉+ 〈−6〉+ U + U . The signature is correct: the Hodge index
theorem shows that the signature of the transcendental lattice of a K3 surface
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of Picard rank ρ is (2, 20 − ρ). Indeed, we will show in Corollary 6.8 that S is 2-
isogenous to a K3 surface whose Picard lattice is Q-isomorphic to U+D8+A5+A1,
and hence to U +E8+A5+A1. We embed this lattice primitively into U
3+E28 by
matching copies of U and E8 and embedding A5+A1 into E8 in one of the obvious
ways; it is routine to calculate the Gram matrix of the orthogonal complement of
A5 +A1 in E8 and show that it is equivalent to the diagonal matrix with diagonal
(−2,−6).
5. Scope of the construction
We have just shown that U(U + U,Q(
√−n)) is a double cover of SO(〈−2〉 +
〈−2n〉+ U + U); in the case n = 1 this was already remarked by Paranjape. More
generally, let P be a Hodge structure of type (4, 4) with an action of an order
O = OK in an imaginary quadratic field. We may then view P as an Hermitian
module P ′ of rank 4, which is determined by its signature (necessarily (2, 2)) and
its discriminant up to norms from K.
If the discriminant is a square, then as above we have the exceptional isogeny
SU(P ′,O/Z)/±1→ SO(Mn), whereMn ∼= 〈−2〉+〈−2n〉+U+U . If it is not, then
as in [11, 2.13] we do not have an isogeny defined over Q to the special orthogonal
group of any lattice; the analogue of Paranjape’s map t still has all eigenvalues
equal up to sign and square equal to the discriminant, but that now means that
the eigenspaces are not defined over Q.
Suppose that there is a curve C for which the Hodge structure on H1(C) admits
P as a quotient. We might then expect that C2 admits a correspondence to a
K3 surface whose transcendental lattice is isomorphic to L after tensoring with Q.
Thus, in order to determine the limitations of this construction, we would like to
know which lattices of rank 6 arise from the exceptional automorphism in this way.
Our starting point is the following observation. Let S be a K3 surface. Define the
projective variety Q(S) = Q(T (S)) ⊂ Pn(Q), where n = 21 − ρ, by the vanishing
of the discriminant quadratic form. The relation of the transcendental lattices of
isogenous K3 surfaces is well understood. Before giving the result, we introduce
some notation for lattices.
Definition 5.1. As in Definition 4.3, the hyperbolic lattice U is the lattice of rank
2 with a basis x, y such that x2 = y2 = 0, xy = 1. Given a lattice L, let L(n) be
the lattice of the same rank whose Gram matrix is n times that of L. In addition,
let V = U3 + E28 , where E8 is the exceptional root lattice with negative sign.
Sometimes V is known as the K3 lattice.
Remark 5.2. It is well-known that H2 of a K3 surface, with the usual intersection
form on cohomology given by cup product, is isomorphic to V : see, for example, [22,
Section 1]. Note also that U(n) ∼= U for all n, by the base change x→ x, y → ny.
Theorem 5.3. ([[1, Section 1.8]]) Let φ : S → S′ be a rational map of degree n
of K3 surfaces. Then T (S′) is isomorphic to a sublattice of T (S)(n) for which the
quotient has exponent at most n.
Corollary 5.4. Let S, S′ be K3 surfaces such that there is a sequence of K3 surfaces
S = S0, S1, . . . , Sk = S
′ and rational maps of finite degree Si−1 → Si or Si → Si−1
for all 1 ≤ i ≤ n. Then QS ∼= QS′ as varieties over Q.
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Proof. This follows immediately from Theorem 5.3 by induction on k, because
rescaling does not affect the quadric at all, while passing to a sublattice amounts
to a linear change of coordinates. 
We now note:
Proposition 5.5. Let L be the family of K3 surfaces with a given marked Picard
lattice L and transcendental lattice L⊥, and let S ∈ L. Then Q(S) is isomorphic
to a linear section of Q(L⊥).
Proof. Indeed, the hypothesis implies that L is embedded in PicS, whence T (S) is
primitively embedded in L⊥. Thus Q(S) is obtained from Q(L⊥) by restricting to
the linear subspace on which elements of T (S)⊥ vanish. 
Corollary 5.6. The same conclusion holds if S is isogenous to a member of L.
Proof. This follows immediately from the theorem and proposition just above. 
5.1. Examples and counterexamples. In this section we give some examples
to indicate the limits of our construction. First we describe some families of K3
surfaces of Picard number 16 for which the discriminant of the Picard lattice is −12
times a square but to which our construction does not apply. Following that, we
show that no finite union of families of K3 surfaces of Picard number 16 includes
all K3 surfaces of Picard number 17 or 18 in its closure. It follows that no finite
collection of constructions for K3 surfaces of rank 16 suffices to prove that every
K3 surface of Picard number 17 or 18 is covered by the square of a curve.
Remark 5.7. We consider the example n = 3, the primary concern of this paper.
One readily computes that the Hasse-Minkowski invariant [3, Chapter 4.1] of M3
is 1 at all finite primes. Multiplying the form by a prime p ≡ 0, 1 mod 3 does not
change the invariants, while multiplying by p ≡ 2 mod 3 changes the invariants at
3 and p.
Let L′ be a lattice of discriminant 3 times a square, signature (2, 4), and nontriv-
ial Hasse-Minkowski invariant at a prime p ≡ 1 mod 3. It follows from Corollary
5.4 that a K3 surface with transcendental lattice L′ is not isogenous to one with
transcendental latticeM3. In particular, such a K3 surface cannot be shown by our
construction to be covered by a product of curves.
For example, we may take L′ to have an orthogonal basis with elements that
square to −1,−1,−2,−6, 7, 7, so that the Hasse-Minkowski invariant is nontrivial
at 2 and 7. Proving that a K3 surface with transcendental lattice commensurable
with L′ is motive-finite would seem to require a significant new idea.
We now study K3 surfaces of Picard number 17 and 18. The following result is
due to Nikulin:
Theorem 5.8. [13, Theorem 14.3.17] There is a lattice K of rank 16 and discrim-
inant 64 such that a K3 surface S is a Kummer surface if and only if there is a
primitive embedding of K into PicS.
Nikulin describes K as follows. Let G = (Z/2Z)4, and start with the lattice AG1
(that is, the lattice generated by 16 vectors indexed by G of norm −2 of which any
two distinct ones are orthogonal). Adjoin the vectors of the form
∑
i∈C vi/2, where
C is a coset of a subgroup of G of index 2.
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It is easy to see that K⊥ in V is isomorphic to U(2)3. It follows that Q(K)
is Q-isomorphic to the quadric in P5 defined by x0x1 + x2x3 + x4x5 = 0, since
U(2) ∼= U , as pointed out in Remark 5.2.
Corollary 5.9. Let S be a K3 surface of Picard number 17 (respectively 18). If
there are no rational lines (resp. rational points) on Q(S), then S is not isogenous
to a Kummer surface.
Proof. Both statements follow immediately from the existence of rational planes on
Q(K), in light of Proposition 5.5. 
Corollary 5.10. Let S be a K3 surface of Picard number 17 (respectively 18), and
let p be a prime congruent to 1 mod 8. If there are no Qp-rational lines (resp. Qp-
rational points) on Q(S), then S is not isogenous to a double cover of P2 branched
along six lines.
Proof. Paranjape shows [23, Lemma 1] that the generic transcendental lattice of a
double cover of P2 branched along six lines is isomorphic to 〈−2〉+ 〈−2〉+ U + U ,
which is isomorphic over Q(
√−2,√2) and hence over Qp to U +U +U . The result
now follows as in Corollary 5.9. 
We recall that every K3 surface of Picard number 19 or 20 is isogenous to a
Kummer surface [22, Corollary 6.4 (i)]. For completeness, we include an example
to illustrate the well-known fact that this is not true in Picard number 18.
Example 5.11. We describe an example of a family of K3 surfaces of Picard
number 18 that are not isogenous to Kummer surfaces. Let T be the lattice with
Gram matrix 

−2 −1 0 −1
−1 2 1 −1
0 1 −2 1
−1 −1 1 2


of determinant 36. Since this is an even lattice of signature (2, 2) it admits a
primitive embedding into V (Definition 5.1) and is accordingly the transcendental
lattice of a very general member of a 2-parameter family of K3 surfaces. However,
Q(T ) has no points over Q2 or Q3, so it cannot be a 3-plane section of Q(K).
It appears that the construction of [23] can be used to show that K3s of this fam-
ily are motive-finite. Indeed, let us consider the lattice A1 +A1 +H +H which is
isomorphic to the transcendental lattice of a double cover of P2 branched along six
very general lines after tensoring with Q [23, Lemma 1]. Inside this lattice, consider
the orthogonal complement T ′ of the vectors (0, 0, 1,−2,−1, 1), (0, 0, 1,−1, 1,−2)
(this was a random choice of two orthogonal vectors of norm 6). By direct cal-
culation this lattice has norm form Z-equivalent to −2x2 − 2y2 + 6z2 + 6w2 = 0.
Adjoining (1/2, 1/2, 1/2, 1/2) to this lattice produces a lattice isomorphic to T (to
check this, use LLLGram in Magma and then change basis by a suitable combina-
tion of signs and a permutation). Thus a K3 surface with transcendental lattice
T ′ can be written as a double cover of P2 branched on six lines as above, and such
a surface would be expected to be 2-isogenous to a surface with transcendental
lattice T .
It is not difficult to construct such K3 surfaces. To do so, we observe that T⊥
(relative to a primitive embedding T →֒ V ) is isomorphic to E6+E6+D4. For any
c 6= 0, the elliptic surface y2 = x3 + sx + (s+ cs2) has an IV ∗ fibre at s =∞ and
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a type II fibre at s = 0, so a quadratic twist by s(s− d), where d 6= 0, is a surface
of the desired form, and this gives 2 moduli of such surfaces as expected.
Example 5.12. In [2], Calegari considers K3 surfaces defined as follows. Let
L1, . . . , L5 = L0 be five lines in P
2 and let C be the conic through the five points
Li ∩ Li+1. Let L be a sixth line tangent to C, and let S be the double cover of P2
branched along the Li and L. He claims that these K3 surfaces are not isogenous
to Kummer surfaces for very general choices of Li, L.
To verify his claim, first we note that the Picard lattice is generated by the
classes of the hyperplane, the nodes, the lines, and the components of the pullback
of C, and that it is of rank 17. We compute that the discriminant is 96 and that the
discriminant group is the same as for H +E8 +A2 +A
5
1, so that the lattices are in
fact isomorphic by [22, Theorem 2.8]. To describe (PicS)⊥, we embed this into V .
We embed H +E8 into one copy of H +E8 in V . Then A2 +A
3
1 can be embedded
primitively into E8 by embedding the Dynkin diagram: for example, we may take
the three roots corresponding to the neighbours of the vertex of index 3 and the two
that are not adjacent to any of these. The complement is then A1+A2(2). Finally,
the other A1 components are embedded in H , each with complement 〈2〉. So the
transcendental lattice is isomorphic to A1 + A2(2) + 〈2〉 + 〈2〉. The Fano variety
of lines on the corresponding quadric in its Plu¨cker embedding in P9 is a smooth
variety of dimension 3 and degree 8 and has no points over Q2. So by Corollary 5.9
S is not isogenous to a Kummer surface.
More generally, the same ideas can be used to prove that no finite collection of
types of K3 surfaces corresponding to a rank-16 lattice suffices to describe all K3
surfaces of rank 17 or 18.
Theorem 5.13. Let L = {L1, . . . , Ln} be a finite set of lattices of rank 16 and let
r ∈ {17, 18}. Then there is a K3 surface Sr of Ne´ron-Severi rank r such that no
element of L can be rationally embedded into PicSr.
Note that the theorem does not require the Li to have signature (1, 15), as they
would for the Picard lattice of a projective surface; the signature (0, 16) is also
permitted.
Proof. We may assume that the Li can be primitively embedded in V . Let the Qi
be the quadric hypersurfaces in P5(Q) defined by the norm forms of the orthogonal
complements of the Li in V . Since the Qi are defined by indefinite quadratic forms,
they have real points; also, smooth quadrics of dimension ≥ 4 over local fields
always have rational points, so the Qi are everywhere locally solvable and hence
have rational points.
Recall that the two families of k-planes on a smooth quadric of dimension 2k
over a field F of characteristic not equal to 2 are defined over F (
√
(−1)kD), where
D is the determinant of the symmetric matrix associated to the quadric. Let the
fields of definition of the families of 2-planes on the Qi be the Q(
√
Di). Since the
Qi have rational points, they have planes defined over the Q(
√
Di).
In particular, every hyperplane section over this field has rational lines and every
P3-section has rational points. Let p be an odd prime that splits in every Q(
√
Di),
let Np be a lattice of signature (2, 2) with norm form x
2−ny2+pz2−npw2, where n
is a quadratic nonresidue mod p, and let Tp be an even sublattice of Np of full rank.
By [22, Theorem 2.8], we can embed Tp primitively into V . However, the quadric
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associated to Tp has no Qp-points and therefore none over any of the Q(
√
Di),
because the completion of any of these at a prime over p is isomorphic to Qp. Thus
a K3 surface of Picard number 18 with transcendental lattice Tp is not isogenous
to any surface into whose Picard lattice any of the Li embeds.
Similarly, if we take Tp to be an even lattice of rank 5 admitting a rational
embedding of Np, then the corresponding quadric has no Qp-rational lines, because
it has a hyperplane section with no Qp-points, and hence it is not a hyperplane
section of any of the Qi. 
Corollary 5.14. With notation as in the theorem, no element of L can be embedded
into PicS′ for any K3 surface S′ isogenous to Sr or Sr.
Proof. This follows by combining Theorem 5.13 with Corollary 5.6. 
Theorem 5.15. There exist K3 surfaces of Picard number 17 that are covered by
the square of a curve but that are not isogenous to a Kummer surface or a double
cover of P2 branched along 6 lines.
Proof. Fix a prime p ≡ 17 mod 24, and let Lp be the lattice with Gram matrix
〈−2〉+ 〈−6〉 + U + 〈4p〉. Again, this is the transcendental lattice of a K3 surface,
which we will call Sp. One easily checks that the local invariant at p of the associated
quadratic form is −1; this means that the quadric defined by this form has no lines
over Qp. It follows from Proposition 5.5 and Corollary 5.9 that Sp is not isogenous
to a Kummer surface, and from Proposition 5.5 and Corollary 5.10 that Sp is not
isogenous to a double cover branched along 6 lines.
On the other hand, since U has a primitive vector of norm 4p, the lattice Lp can
be embedded primitively in 〈−2〉+ 〈−6〉+U +U , and thus Sp belongs to the family
of K3 surfaces whose general member we have shown to be covered by the square
of a curve (Theorem 1.2). Since our map of moduli spaces is only a birational
equivalence and not an isomorphism we cannot conclude that the Sp are covered in
this way. However, a birational equivalence cannot fail to be defined on infinitely
many divisors, so the general Sp can be covered for all but finitely many p. 
Example 5.16. In order to apply this argument to show that a K3 surface of rank
18 is isogenous neither to a Kummer surface nor to a double cover branched along
6 lines, we need a transcendental lattice whose norm form is not solvable at a prime
congruent to 1 mod 8. The smallest examples appear to have determinant 22 · 172;
one possible Gram matrix is 

6 5 3 −3
5 6 −2 4
3 −2 −6 −2
−3 4 −2 6

 .
Note that a K3 surface with this transcendental lattice would be expected from our
results to be covered by the square of a curve of genus 7. We do not know this
for certain because we have only constructed a birational equivalence of moduli
spaces, not an isomorphism. (The method used to prove the last theorem does not
apply here, because an infinite set of codimension-2 loci could all be contained in a
single divisor.) Indeed, this transcendental lattice tensored with Q is isomorphic to
〈−2〉+ 〈−6〉 + 〈17〉 + 〈51〉, as one sees by computing Hasse-Minkowski invariants.
This embeds into (〈−2〉+ 〈−6〉+U+U)⊗Q by a map that takes the first two basis
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vectors to the first two basis vectors and the last two to vectors in the two copies
of U of the appropriate norm.
6. K3 surfaces
We now study the family of K3 surfaces with Picard lattice L2 (Definition 1.1)
in order to relate them to other interesting families.
Definition 6.1. Let K be a K3 surface with Picard lattice L2.
Our work in previous sections provides a proof of the following proposition:
Proposition 6.2. There is an explicitly computable algebraic correspondence be-
tween C23 and K, where C3 depends on K and is as defined in Section 3. This
correspondence induces a morphism of Hodge structures H2(C3,Z) → H2(K,Z)
when the base field of K has characteristic zero.
In this section, among other things, we prove the following statements:
Proposition 6.3. K is isogenous to a K3 surface Kgs in P
4 with 15 ordinary
double points.
Theorem 6.4. The Hodge conjecture is true for fourfolds Kgs ×Kgs.
The proofs appear at the end of the paper. Recall that surfaces Kgs were first
discussed by Garbagnati and Sarti in [10].
Combining Proposition 6.2 and Proposition 6.3 gives an explicitly computable
correspondence between C23 and Kgs.
Remark 6.5. The above is the first step toward answering a question of Laterveer
[18, Remark 3.3].
Remark 6.6. Recall that that we defined L2 as a certain lattice of rank 16 and
signature (1, 15) containing a sublattice L0 isomorphic to U+D4+A
9
1 with quotient
Z⊕ (Z/2Z)2. As in [13, Remark 8.2.13, Corollary 14.3.8], there is an isomorphism
L0 ∼= PicK such that the generators of U map to the classes of an elliptic curve and
a rational curve on K. The elliptic curve is a fibre of a unique fibration. This root
lattice and its index in its saturation indicate that the elliptic fibration in question
has an elliptic fibration with a reducible fibre of type I∗0 and nine of type I2 or
III (in fact they must all be I2, by considering the Euler characteristic), as well as
full level-2 structure. The Z in the quotient indicates a single free generator S for
the Mordell-Weil group corresponding to s ∈ L2, which (by our description of the
intersection of s with the other generators) passes through the zero component of
the I∗0 fibre and the nonzero components of the I2 while meeting the zero section
once. By [6, Lemma 1.18], the canonical height of such a section is 3/2.
Note that the intersection of S with any of the 2-torsion sections is 0. This can
be checked from [6, Lemma 1.18] or directly by writing down the classes of the
2-torsion sections in L0 ⊗Q.
We suppose given a fibration as in Theorem 3.47, with nine singular fibres of
type I2, one of type I
∗
0 , and Mordell-Weil group Z⊕ (Z/2Z)2. Recall the notation:
the section T0 has been chosen as the origin, the other Ti are the torsion sections,
and the Ji generate the Mordell-Weil group modulo torsion and satisfy J0+Ti = Ji.
(Recall that J0 is distinguished from the other Ji by satisfying (J0, T0) = 1, while
all the other (J0, Ti) are equal to 0.) In addition, the ai, bi are respectively the zero
SQUARE-CURVE COVERINGS OF ELLIPTIC SURFACES 39
and nonzero components of the I2 fibres, and the di for 0 ≤ i ≤ 3 are the reduced
components of the I∗0 , where d0 is the zero component.
Proposition 6.7. On the surface K there is an elliptic fibration with one singular
fibre of type I∗2 , one of type I3 or IV , and six of type I2. Its Mordell-Weil group is
Z/2Z, and the nonzero section passes through the zero component of the I3 or IV ,
the zero component of every I2, and the component of the I
∗
2 that is at distance 2
from the zero component. If there is an I3 fibre, then there is one singular irreducible
fibre; if an IV , then none.
Proof. We consider the sections J0,−J0 together with one of the b, say bj . First
we prove that (J0,−J0) = 1. Indeed, the section −J0 meets the fibre and 0 section
with degree 1 as well as all the b while missing all the di for i > 0. In addition, its
class in the Mordell-Weil group is the negative of that of J0. These facts, together
with [−J0]2 = −2, determine the class of −J0; it is now routine to calculate that
(J0,−J0) = 1. So any two of J0,−J0, bj have intersection 1 and they constitute
an I2 fibre F , and we obtain a genus-1 fibration. The Tj are disjoint from Ji and
hence from −Ji as well, because translation by Ji − Tj takes (−Ji, Tj) to (Tj, Ji).
So if j is one of the two indices such that Tj meets the chosen bi, it is a section
of the fibration. Computing the essential lattice of the fibration [24, Section 11.1]
we find the given singular fibre types and torsion. The rank of the Mordell-Weil
group is 0, by the Shioda-Tate formula. As a consistency check we note that the
discriminant of the lattice U +D6 + A2 + A
6
1 is −4 · 3 · 26, and dividing this by 4
for the 2-torsion point gives −192, which we know to be the discriminant of L2.
The reducible fibres contribute 23 or 24 to the Euler characteristic, depending on
whether we have an I3 fibre or an IV . This implies the statement about singular
irreducible fibres. 
It turns out that the discriminant of the Picard lattice of the quotient of K
by the 2-torsion translation is much smaller than that for K, which makes the
quotient easier to work with in some ways. For example, we can use it to exclude
the possibility of a type IV fibre on K.
Corollary 6.8. Let L be the quotient of K by the 2-torsion translation for the
fibration of Proposition 6.7. Then L has reducible fibres of types I∗4 , I6, I2, and
Mordell-Weil group Z/2Z. In particular the discriminant of its Picard lattice is
−12. Also, K has a fibre of type I3, not one of type IV .
Proof. The quotient of the given I∗2 is of type I
∗
4 . If K has an IV fibre, then L
has a fibre of type IV ∗ at the same point. The Shioda-Tate formula then shows
there are no other reducible fibres, so the Picard lattice contains U +D8+E6 with
index at least 2. However, the only even lattice containing this one with finite index
greater than 1 is U + E8 + E6, and we do not have a fibre of type II
∗. Thus K
does not have an IV fibre. Instead, it has an I3, and the quotient can only give an
I6. The Shioda-Tate formula again shows that there must be one more reducible
fibre, which can only arise from an I1 fibre of K (computing the Euler characteristic
shows that there is exactly one such fibre).
Since K has a 2-torsion point, so does the 2-isogenous surface L. On the other
hand, it is easily checked that U +D8 + A5 + A1 is not a sublattice of index 4 in
any even lattice. Thus discPicL = −4 · 6 · 2/22 = −12. 
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Proposition 6.9. The surface L admits a fibration in curves of genus 1 with no
section and reducible fibres of type II∗, IV ∗.
Proof. We define an II∗ fibre whose support consists of the zero section and all
curves in the I∗4 fibre except for the reduced curve adjacent to the zero component,
and an IV ∗ fibre whose support consists of the 2-torsion section and the nonzero
components of the I2 and I6 fibres. It is readily checked that these sets of curves
have the correct topology to support the given fibres and that these fibres are
linearly equivalent. There cannot be a section, for if there were the discriminant of
the Picard lattice would be −3 rather than −12. 
Corollary 6.10. A general K3 surface with Picard lattice isomorphic to L or U +
E8 + E6 is covered by curves, and hence has finite-dimensional motive.
Proof. We have seen that a general K3 surface with Picard lattice L is covered by
one with Picard lattice L2 and hence by curves. In turn, there is a primitive class
of self-intersection 0 in L2 with even intersection with all of L2, and this class can
be chosen to be that of a curve of genus 1. The Picard lattice of the Jacobian of the
associated fibration is then an even lattice containing L with index 2. Using the
results of Nikulin it is easy to check that this lattice is isomorphic to U+E8+E6. 
Corollary 6.11. The Hodge conjecture is true for Y ×Y , where Y is a general K3
surface with Picard lattice isomorphic to L or U + E8 + E6.
Proof. This is an immediate consequence of the proof of Corollary 6.10 and Theorem
4.7. 
These observations allow us to relate our construction to certain families of K3
surfaces with 15 nodes studied in [10]. In particular, in the notation of [10, Theorem
8.3], we consider the case d = 3. First we recall the definition of the latticeM(Z/2Z)4,
which is of fundamental importance in [10].
Definition 6.12. Let A = (Z/2Z)4, let N be the set of nonzero elements of A, and
let M0 be the lattice A
15
1 with basis bi indexed by N . For every subset C ⊂ N of
order 8 which is the complement of a subgroup, we adjoin the vector
∑
i∈N bi/2 to
M0. The result of this is the lattice M(Z/2Z)4 of discriminant −128.
Definition 6.13. We now consider the lattice 〈6〉+M(Z/2Z)4, whose first generator
will be denoted h. It can be enlarged by adjoining a vector (h, v)/2, where v =∑
i∈G\{0} forG a subgroup of order 4, or by adjoining (h,w)/2, where w =
∑
i∈N bi.
Let us denote these two lattices by N1, N2 (for definiteness, and following [10], we
use the subgroup of elements with first two components 0 to define N1).
Remark 6.14. The lattices N1, N2 are the two lattices on the list of Garbagnati
and Sarti [10, Theorem 8.3] of possible Picard lattices of K3 surfaces with 15 nodes
for the case d = 3. Note that these lattices are not isomorphic to L2, although they
have the same rank and discriminant.
We will prove the following theorem.
Theorem 6.15. Let S be a K3 surface with Picard lattice isomorphic to N1 or N2.
Then S admits a finite map to a K3 surface with Picard lattice U + E8 + E6.
Before proving Theorem 6.15, we first note a simple corollary.
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Corollary 6.16. Let S be a general K3 surface of degree 6 with 15 singularities of
type A1. Then S is motive-finite.
Proof. (of corollary) First suppose that S has Picard rank 16. Then by [10, Theorem
8.3], its Picard lattice is isomorphic to N1 or N2. Combining this with Theorem
6.15 and Corollary 6.10 yields the desired result.
In the general case, we consider a 1-parameter family of K3 surfaces with 15
singularities of type A1 and Picard rank 16 whose limit is S. We invert the map
of moduli spaces of Theorem 1.5: this is well-defined elsewhere on the curve, so it
has a limit at S, which is generally smooth. Lifting arbitrarily to the cover of MC
that additionally parametrizes a square root of the line bundle O(p1+p2+p3+p4)
allows us to construct a curve of arithmetic genus 7 (the stable limit of smooth
curves in the family) whose square covers S; again, it is generally smooth. 
Remark 6.17. We expect that these surfaces should be covered by the square
of the same curves that cover those with Picard lattice L2, and that this can be
proved by finding chains of isogenies leading from surfaces with Picard lattice L2
to surfaces with Picard lattice N1 and N2.
In order to prove Theorem 6.15, we will identify some rational curves on N1, N2
and use them to construct genus 1 fibrations without a section, whose Jacobians
can thus be used to move toward surfaces with discriminant −3.
Definition 6.18. For S = N1 or N2, let H be a vector on the boundary of the
ample cone of S that is in the orbit of ±h under the reflection group (as in, for
example, [13, Corollary 8.2.9]). Further, let the Ci be the images of the bi under
the reflection.
The map to projective space given by the linear system |H | exhibits S either as
a complete intersection of hypersurfaces of degree 2, 3 in P4 or as a double cover
of a cubic scroll. In either case, every Picard class has intersection a multiple of 3
with the hyperplane class, and the curves of class Ci are nodes.
Definition 6.19. Let S1 be a K3 surface with Picard lattice N1.
Proposition 6.20. There are at least 15 smooth rational curves of intersection 3
with H on the minimal desingularization of S1.
Proof. For every subgroup G ⊂ A of order 8, consider the Picard class CG =
(H −∑i∈G\{0} Ci)/2 ∈ N1. It has self-intersection −2 and positive intersection
with H , so it is effective. Repeatedly subtracting the classes of the nodes with
negative intersection from CG until there are none left, we obtain classes C
′
G of
self-intersection −2 and intersection 3 with H . These must represent irreducible
curves: by Riemann-Roch they are effective, and if they were reducible one of the
components would have degree 0 and negative intersection with C′G, which is not
possible since the only curves of degree 0 are the 15 nodes. One checks that the
C′G are all distinct. 
Proposition 6.21. Fix a subgroup G ⊂ A of order 4 and let F = H−∑i∈G\{0} Ci.
Then F is not divisible by 2, but F has even intersection with every curve on S1.
Proof. This is a simple calculation. 
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Proposition 6.22. Let S be a K3 surface and v ∈ PicS a vector not divisible by
any integer n > 1 such that (v, v) = 0 and d | (v, w) for all w ∈ PicS. Then there
is a map from S to a K3 surface with Picard lattice PicS[v/d].
Proof. By a standard result [13, Corollary 8.2.9], there is a sequence of reflections
whose product ρ is such that ±ρ(v) is nef. It thus suffices to assume that v is nef.
In this case it is the class of a fibre of a genus 1 fibration with minimal multisection
degree d, and the Jacobian of this fibration ([13, Section 11.4]) is the desired map.
(The description of the Picard lattice of the target follows from the discussion after
[13, Corollary 11.4.7].) 
Remark 6.23. This proposition cannot be used to prove the existence of a map
between K3 surfaces whose Picard lattices are not isomorphic after tensoring with
Q. In particular it cannot be used to construct a map from a surface with Picard
lattice L2 to one with Picard lattice U + E8 + E6 directly: the Hasse-Minkowski
invariants are different. Indeed, for every map between such K3 surfaces of degree
d, we must have v2(d) + v3(d) odd, where vp denotes the p-adic valuation. This
follows from much the same reasoning as is used to prove [1, Theorem 1.1]. On the
other hand, the Jacobian of a genus-1 fibration is a map of square degree.
Remark 6.24. The fibrations on S with fibre classes Fi have 3 fibres of type I
∗
0
and no reducible ones. Note that this property is not preserved by applying the
Jacobian fibrations, since these give maps of degree greater than 1 under which
some of the vertical curves have the same image. In addition, a rational curve may
become reducible when the Picard group is enlarged.
Corollary 6.25. A K3 surface with Picard lattice N1 admits a finite map to a
surface with Picard lattice U + E8 + E6.
Proof. We take G1, G2 to be subgroups whose pairwise intersections with each
other and with the subgroup G used to define N1 have order 2, but such that
G ∩ G1 ∩ G2 = {0}. Again one defines Fi = H −
∑
g∈Gi
Ci and verifies that
(Fi, Fi) = 0 and F1, F2 = 4, so that we obtain a map from the given surface to
one with Picard lattice N1[F1/2, F2/2]. It is a straightforward matter to find a
vector in this lattice of norm 0, not divisible by 2, and having even intersection
with all vectors: for example, letting G1 and G2 be generated by C0001, C0100 and
C0010, C0100, we may take 2H − 2C0111 − 2C1011 −
∑i
i,j=0 C11ij . The rest of the
proof is the same as for Corollary 6.16. 
It turns out that N2 is more manageable than N1.
Corollary 6.26. A K3 surface with Picard lattice N2 admits a finite map to a
surface with Picard lattice U + E8 + E6.
Proof. Let G1, G2, G3 be subgroups of A of order 4 with pairwise intersection of
order 2 whose union generates A (for example, let ai be the generators of A and
take Gi = 〈ai, a4〉). Let F1, F2, F3 be the corresponding vectors F as in Proposition
6.21: we then have (Fi, Fj) = 4 for i 6= j, so that F2 is still even in N1[F1/2]
and F3 in N1[F1/2, F2/2]. Thus we may apply Proposition 6.22 successively to
the Fi, obtaining lattices of discriminant −48,−12,−3. To see that the lattice of
discriminant−3 is isomorphic to U+E8+E6, it suffices to compute the discriminant
group and apply a results of Nikulin [22, Corollary 2.10 (ii)]. Alternatively this can
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be checked directly by embedding U intoN1[F1/2, F2/2, F3/2] and checking that the
orthogonal complement is one of the two lattices in the same genus as E8+E6. 
More generally, we can use Proposition 6.22 to clarify the relation among the
different families of K3 surfaces with 15 nodes considered by Garbagnati and Sarti.
Recall that in [10, Theorem 8.3] they give a complete description of all rank-16
lattices that can be the Picard lattice of such a surface. In particular, these lattices
contain the lattice 〈2d〉 + M(Z/2Z)4 with index 2; there are 2 possibilities if d ≡
3 mod 4 and 1 otherwise. If d/d′ /∈ Q2, then there can be no relation between the
surfaces corresponding to d and d′, because the ratio of the discriminants of the
lattices is not a square and the rank of the Picard group is even. On the other
hand, we show:
Proposition 6.27. Let d, d′ be positive integers with d/d′ ∈ Q2 and let Ld, Ld′ be
lattices from the list in [10, Theorem 8.3] of possible Picard lattices of K3 surfaces
with 15 singularities of type A1. Let Sd be a K3 surface with Picard lattice Ld.
Then there is a correspondence between Sd and a surface Sd′ with Picard lattice
Ld′: in other words, there is a sequence of finite maps (πi)
n
i=0 of K3 surfaces such
that the domain of π0 is Sd, the codomain of πn is Sd′ , and for all i with 0 ≤ i < n
either the domains or the codomains of πi, πi+1 coincide.
Proof. It suffices to prove this under the assumption that d/d′ is the square of a
prime p, since the existence of a correspondence as in the statement of the propo-
sition is an equivalence relation. We begin with a bit of notation. In the lattice
〈2d〉+M(Z/2Z)4 that is contained in Ld with index 2, let ℓd be the first generator,
of norm 2d and orthogonal to M(Z/2Z)4 ; recall that we designate the generators of
A151 and their images in M(Z/2Z)4 by bi.
We first dispose of the easy case of odd p. We may assume, if d ≡ 3 mod 4,
that we are in the same case (iii) or (iv) for both d and d′: otherwise, we reduce
separately to d = d′ squarefree and relate both lattices to L4d as shown below. In
this case Ld′ = Ld[ℓd/p]. Since M(Z/2Z)4 contains 4 pairwise orthogonal elements
of norm 2, it suffices to write d′/2 as a sum
∑4
i=1 a
2
i of 4 squares and to note that
ℓd − p
∑4
i=1 aibgi is a vector of norm 0 to which Proposition 6.22 applies. Thus
Ld[(ℓd − p
∑4
i=1 aibg,i)/p] = Ld[ℓd/p] is the Picard lattice of a K3 surface that
admits a finite map from the surface with Picard lattice Ld. The same argument
works for p = 2 if 4|d′.
Now we consider the cases with p = 2, and in particular the cases (i), (ii), (iii)
of [10, Theorem 8.3] (we will treat (iv) separately and (v) was taken care of just
above). In each of these cases it turns out that Ld[ℓd/2] is isomorphic to Ld′ . This
is most easily seen in terms of the descriptions of the discriminant forms at the
beginning of the proof of [10, Theorem 8.3]. Indeed, the vector ℓd corresponds to
the generator 1/2d of q2 + q2〈1/2〉+ 〈1/2d〉, so the discriminant form of Ld[ℓd/2] is
q2 + q2 + 〈1/2〉+ 〈4/2d〉, the same as that of Ld′ . By [22, Corollary 2.10 (ii)], the
Picard lattice is uniquely determined by its signature and discriminant form in this
situation, so it must be that Ld[ℓd/2] ∼= Ld/2.
In the case (iv), no overlattice of Ld is isomorphic to Ld′. Nevertheless, we may
proceed as follows. First we divide ℓd by 2 as before to obtain the lattice Liii,d′ of
case (iii); as before, this comes from a map of K3 surfaces.
To complete the proof, we show that there is a common overlattice Md′ , con-
taining both of the two lattices Liii,d′ , Ld′ of discriminant −64d with index 2, that
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can be reached by dividing vectors of norm 0 by 2. In both cases we will obtain
it by dividing a vector congruent to x =
∑
i∈(Z/2Z)4\H bi by 2, where H is the
subgroup of order 4 used to define Liii,d′ . This vector has norm −24 and so the
vector 2ℓd′ − bi − x has norm 8(d′ − 5). Since d′ − 5 ≡ 2 mod 4, it is a sum of
three squares, and so −8(d′ − 5) is the norm of some integral combination of the
2bh (whose norms are −8) for h ∈ H \ {0}, except in the case d′ = 3 which can be
treated directly as in Corollary 6.26 above or by replacing 2ℓd′ by 6ℓd′.
Thus, the K3 surfaces with Picard lattice Ld′ are in correspondence with those of
Picard lattice Md′, and then with those of Picard lattice Liii,d′ and Ld as claimed.

The proof of this proposition provides a proof of Proposition 6.3.
We finish by proving Theorem 6.4. Indeed, by Proposition 6.27, we have a
correspondence between K and any surface S′ with Picard lattice Ld′ with
2
d′ ∈ Q2.
Hence, we get an isomorphism of Hodge structures T (K) ∼= T (S′). Thus the proof
of Theorem 6.4 follows from [19, Theorem 2] in the same way as in the proof of 4.7.
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